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SUPERSCALING IN NUCLEI: A SEARCH FOR

SCALING FUNCTION BEYOND THE

RELATIVISTIC FERMI GAS MODEL

We construct a scaling function f (ψ′) for inclusive electron scat-

tering from nuclei within the Coherent Density Fluctuation Model

(CDFM). The latter is a natural extension to finite nuclei of the

Relativistic Fermi Gas (RFG) model within which the scaling vari-

able ψ′ was introduced by Donnelly and collaborators. The calcu-

lations show that the high-momentum components of the nucleon

momentum distribution in the CDFM and their similarity for dif-

ferent nuclei lead to quantitative description of the superscaling

in nuclei. The results are in good agreement with the experimen-

tal data for different transfer momenta showing superscaling for

negative values of ψ′, including those smaller than –1.



GCM Equations

Ψ(r1, ..., rA) =
∫

F (x1, x2, ...)Φ(r1, ..., rA; x1, x2, ...)dx1dx2...

– The Hill-Wheeler equation
∫

[H(x, x′) − EI(x, x′)]F (x′)dx′ = 0

– The overlap and energy kernels

I(x, x′) = 〈Φ({ri}, x)|Φ({ri}, x
′)〉

H(x, x′) = 〈Φ({ri}, x)|Ĥ|Φ({ri}, x
′)〉

– For many-fermion systems the kernels I(x, x′) and H(x, x′)

peak strongly at x ∼ x′

I(x, x′) ' I(x, x)G(x − x′)

H(x, x′) ' H(x, x)G(x − x′)

– Delta-function approximation

I(x, x′) → δ(x − x′)

H(x, x′) → −
h̄2

2meff

δ′′(x − x′) + V







x + x′

2





 δ(x − x′)

∫ ∞

0
|F (x)|2dx = 1



ρ(r, r′) =
∫ ∞

0
dx|F (x)|2ρx(r, r

′)

W (r,k) =
∫ ∞

0
dx|F (x)|2Wx(r,k)

Wx(r,k) =
4

(2π)3
Θ(x − |r|)Θ(kF (x) − |k|)

ρ(r) =
∫

dkW (r,k) =
∫ ∞

0
dx|F (x)|2

3A

4πx3
Θ(x − |r|)

n(k) =
∫

drW (r,k) = 4
(2π)3

∫∞
0 dx|F (x)|24πx3

3 Θ(kF (x) − |k|)

= 4
(2π)3

∫ α/k
0 dx|F (x)|24

3πx3

∫

ρ(r)dr = A;
∫

n(k)dk = A

|F (x)|2 = −
1

ρ0(x)

dρ(r)

dr

∣

∣

∣

∣

∣

∣

∣

r=x

, (at dρ(r)/dr ≤ 0)



fCDFM(ψ′) =
∫ ∞

0
dx|F (x)|2fRFG(ψ′

x(ψ
′)),

ψ′
x(ψ

′) = [kF/kF (x)]ψ′

kF (x) =







3π2

2
ρ0(x)







1/3

≡
α

x
with α =





9πA

8





1/3

' 1.52A1/3

kF =
∫ ∞

0
dxkF (x)|F (x)|2 = α

∫ ∞

0
dx

1

x
|F(x)|2

f (ψ′) =
∫ α/(kF |ψ

′|)
0 dx|F (x)|2 3

4

[

1 −
(

kF xψ′

α

)2
]

×







1 +
(

xmN

α

)2 (

kF xψ′

α

)2


2 +
(

α
xmN

)2
− 2

√

1 +
(

α
xmN

)2












Table 1: Values of the parameters R and b

(in fm) used in the calculations and the results
for kF (in fm−1) obtained in the CDFM.

Nuclei R b kF
4He 1.710 0.290 1.201

12C 2.470 0.420 1.200

27Al 3.070 0.519 1.267

56Fe 4.111 0.558 1.270

197Au 6.419 0.449 1.335



FIG. 1: Superscaling behaviour of inclusive electron-scattering. The grey area repre-
sents experimental data for 4He, 12C, 27Al and 197Au at q = 1000 MeV/c. The solid
line is the RFG scaling function calculated with kF = 1.191 fm−1.



FIG. 2: Results for the scaling function in the CDFM (solid line) calculated at q = 1000
MeV/c and for 4He, 12C, 27Al and 197Au (with b = 1.0 fm for the latter) compared
with the data (grey area). The dotted line is the RFG result. The dashed line in
the case of 197Au corresponds to the CDFM result with b = 0.449 fm.



FIG. 3: (a) Nucleon momentum distribution n(k) calculated in the CDFM for 12C,
40Ca and 197Au (for the latter with b = 0.449 fm and b = 1.0 fm); (b) The weight
function |F (x)|2 of the CDFM calculated for 4He, 12C, 40Ca and 197Au (for the latter
with b = 0.449 fm and b = 1.0 fm).



FIG. 4: Results of the CDFM for the superscaling functions of 4He (solid line) and
197Au (dashed line) at q = 1650 MeV/c compared with the experimental data (grey
area).



FIG. 5: Results of the CDFM for the superscaling function of 12C at q = 500 MeV/c
(solid line) compared with the experimental data (grey area) for q in the interval
from 500 to 600 MeV/c.
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