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SOMMARIO

Abbiamo ottenuto amplificazione di radiazione da mezzi attivi pompati, ma cosa
ne facciamo?

- Da amplificatore ad oscillatore: retroazione e cavita risonante:
guadagno e perdita
un po’ di ottica (soprattutto diffrazione)

- Modi longitudinali e trasversali:
richiami
operazione multimodo e singolo modo

Obiettivo : individuare I'altro componente essenziale per il laser, la cavita

Obiettivo secondario: porre le basi per spiegare caratteristiche luce laser in
condizioni “reali” e per strategie di miglioramento da vedere in seguito
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AMPLIFICATORE/OSCILLATORE

Attenzione:
mezzo attivo con inversione (pompaggio) € amplificatore, ma non ancora LASER

Amplificatore = Oscillatore: RETROAZIONE (feedback)

“a
>
- B =g:3sspesiesieansay > Altro ingrediente
C : | >y fondamentale del laser:
D ey Sy S iy ' RISONATORE OTTICO (cavita)
7
Mirror [ I ‘ N I I Mirror

“pump”’

Il mezzo attivo (pompato) deve essere contenuto in un‘opportuna cavita ottica che permette:
- feedback = emissione
- controllo proprieta spettrali 2 selezione modi fotonici da amplificare
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CAVITA LASER

Cavita ideale a 4 specchi (tre perfetti, uno semiriflettente)

Pompa

U

R<1, T#0

R=1 > output

Mezzo attivo

R=1 / R=1

Roundtrip time t ~ L/c
(L lunghezza totale)

Innesco laser: fotone emesso per emissione spontanea che viaggia nella cavita

dE

— = —EIB — E(t) = Eoe‘tﬁ E : energia e.m. nella cavita
dt B : rate di perdita energia

Fattore di qualita: Q =27 E

stored /Elost per cycle

Q =2nfc/A= w/p

Lasera.a. 2007/08—Parte 5 - versione 1




CAVITA IDEALE E PERDITE

Energia nella cavita: SLu
Intensita (modulo vettore si Poyting) sullo specchio di uscita:
| = Scu , con S sezione geometrica della cavita, ¢ velocita della luce

Intensita persa dallo specchio di uscita:
I”=Scu(1-R), con R riflettivita dello specchio

Energia persa per ciclo:

E’=1"A/c= Scu(1-R)A/c=SAu(1-R) Esempio:
L=50cm,R=0.98, 1 =0.6 um = Q~ 2x107 (HeNe)

L=0.5mm, R=0.30, A =0.8 um = Q "~ 6x103(diode)

Fattore di qualita della cavita:

Q=2rSLu/((1-R)SAu) = 2(L/2)/(1-R)

Qualsiasi cavita laser, a causa del fatto che si vuole fare uscire parte della radiazione,
possiede perdite

Fattore di qualita finito

Per emissione laser occorre che: rate di guadagno G > rate di perdita Q
EQ>EG 22 Q>G (per alti guadagni basta piccolo Q e viceversa)
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PERDITE E GUADAGNO SISTEMA A 3 LIVELLI

Guadagno del mezzo attivo (sistema a tre livelli, da master equation):

- R(2A,+Ay) - Ay (A +A,) [5] N na By, Flal)
A [An+ 4, n v

For I,<< [ fza)=1expgz) "Inverse Beer's Law"

For i,>» 1 ,8z,&) =1,+1,, 5z Linear regime

Now consider eletnentary laser operation with feedhaclepeomded by two murrors separated by a distance L. We first calculate the famous
formula for shreshold gain from the followaneSegnsistency conditiones
Iexp(-e2il)exp(gy2l)nry =1, [ V-9a ]

or
Cavita a due specchir,r,

{ i Separazione L
5 = t¥+_].'l1[_r] [ V-9b ] Ulteriori perdite con rate o

2L \an

where « 15 chided to account for residual cawvity losses and the « 's are the respective reflectivity's of the two mirrors. At lugh power -- i 2. at
powers well above threshold -- the consistency condition becomes (neglecting residual absorption)
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PERDITE E GUADAGNO li

=1
1 r
Lenn L+ ,52L  [V-10a] 1,721, FL[—‘l] [ V-10D ]

hi

From Equation [ V-7b | we may write

R-R,
-R,

[ V-11a ]

[y
£

where
Rate di perdita (c?vité+em.:lspont.) Rate di guadagno del mezzo attivo
Ay A, A, Ay IA31+A3:| [i"& V .
T (2An Ay and &= &= G (245, +Ay) c] N har By, Fla) [V-11b]

Therefore Equation [ V-10b ] becomes

L i e e LGNS

1
s h's
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SOGLIA DI EMISSIONE LASER

Si ha emissione laser solo se il guadagno (per
roundtrip) supera le perdite (per roundtrip)

¥

Soglia nel rate di pompaggio R

Ju
Lazer light output

s
X*:.! - Optical "pumping” rate
: 1 1 1 1 1 1 1 1 ] R

z. 4 & & 1D

Nei laser in cui il rate di pompaggio puo essere controllato dall’esterno 'andamento
si ritrova quasi esattamente (esempio: laser a diodo, dove il pompaggio dipende
dalla corrente di iniezione)
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ALTRE PERDITE: DIFFRAZIONE I

10.1.2 Several Coherant Dsculators

As a simple vet logical bridge betwesn the studies of
imerferance and diffraction, consider the arrangement of
Fig. 10.6. The lllustration dapicis a linear array of & coherent
point pscillators {or radisting antennas). which are aflch
identical even to their pajarization. For the moment, consider
the oscillators to have no intrinsic phase difference, i.e. they
pach have the same epoch engie. The rays shawn are &l
almost parzllel, meeting at same very distant point P. i the
spatial axtant of the array is comparatively small, the separate
wave amplitudes srtiving at @ will ba essentially equal,

having traveled nearly egual distances, that is

Eﬂ{rlj = Eo(-"z:' L e OUI\'} = E:l[(]-

The sum of the interfering spherical wavalats yields an
etectric figld at @, given by the real part of

E = Eplaygn -rn g E {arsodl Lo 4 FL (e e
{(10.1)
It should be ciear, frem Section 91, that we need not ba
cengarned with the vector nature of the alectric field for this
configuration. Mow then

E = E.-,l:!']e_m'l!"“['l + ai&l‘ri—ni + 'mq—m S Eu""-'”].

The phass difference between adjacent sources it obtained
from the expression 3 = kA and since A = ndsind, in a
megium: of index 4, § = kd'sin . Making use of Fig. 10.6, it
foilows thet é = kir, — r,), 28 = kiry — r,) etc. Thus the
field at P may be written as

E= .En(r}e' iwreih.[‘ + {a”‘] 4+ I:ﬂ‘mll i {alﬂl}a B .I:B,rﬂ].'-'- I].
(10.2)

i Y

v 4
"l B
lﬁ”\\, L

AN — i psin)

by
Fig. 10.8 A lingar anay of in-phase coherent oscilletors. Note that
at tha angle shawn 4 = n while at ¢ = 0 7 would be zero.

The bracketed geometric series has the value
(89 — 1)/(e = 1)
which can be rearranged into the form
gV gi¥al |

& |M§.‘2]

‘,i'j,-i'[;m-'z i s' fdd ]
PELEY m.-z[‘_“’_’ﬁ'l‘f{ 2]

The field than bacomes

or agquivalantly

E = E (r)aimglin-15-11 z|(9.i.f1_ﬁ{f_7}£

sin 472 ) =199

Notica that if we define A to be the distance from the canter
of the line of oscillators 1o the point P. that is

R =4N - T)dsint +r,,
then Eg. {10.3) takes on the form

(10.4)

Finally, then, the flux-density distribution within the iffrac-
tion pattern dus to A coherant identical, distant paint
saurces in a llnear array is proportional to ££7 /2 for complex
Eor

|, sin? (8812)
T gin? 4372}

where /, is the flux density from any single saurce erriving at
P (see Problam 10.2 for a graphical derivation of the iradi-
ance). Fat N=0/=0 for N=1/1={, and for ¥ = 2,
4 = &4, cost (4/2) in accard with Eq. {9.6). The functional
dependanca of f on I is mora apparant in the form
sin’ [Ni&d/2) sin ‘]].

sin? [ (kd/2} sin fi]

(10.5)

=1, {10.8}
The sin' [M(k/2) sin '} term undergoes rapid fuctuaticns,
while the function modulating it. [sin [{kd/2) sin@]i- 2
varies relatively slowly. The cembined expression gives rise
to a seres of sharp principal peaks separated by smalt
subsidiary maxima. The principal maxlma gccur in dirsctians
i,auchthatd = 2mm where m = 0, +1, £2,... . Becausa
d = Ad'sin i

dsinfl = mi. {(10.7)

Sinee iR NEZT RN 2] = M for S = 2mn  tirom

e

L%

d

z

- Fig. 10.8 A coherant line source.




L'Héaspitals rule) the principal maxima have values A4,
This is to be expected inasmuch a2 ali of the oscillators are in
phase 8t that onientation. The systam will radiate a maximum
in a direction perpendicular ta the erray {(m=00,=0
and =}, As 0 increases, & increases and / falls off to zero at
N3/2 = = its first minimum, Nowethatif o < Zin Eq. {10.7),
onty the m = 0 or zero-order principal maximum exists, /f
we were {ooking at an ideafized ling source of efectran-
osciffalors separated By atomic distances, we could expect
onfy that cne principal maximum in the iight field.

The antenna aray of Fig. 10.7 can then fransmit
radiation in the narrow beam or lobe corresponding to a
principal maximum {the parakelic dishes shown reflect into
the forward direction and the radistion patterm is no longer
symmetrical around the common axig) Suppose that wae
have a system in which we can introduce an intringic phase
shift of » betwean adjacent oscillators. In that case

8 = kdsinff +&;
the various principal maxima will occur at new anglas
dsinf, =md - ¢/k,

Concentrating on the central maximum m = Q, Its ariéntation
i, can be varied at will by marely adjusting the valua of ..
The principle of reversibility, which states that without
absarption, waye motion is reversible, leads to the same field
pattern for an antenna usad as sither a transmitter or raceiver.
The array, functioning as a radio telescope, can therafore be

"pointed” by combining the output from the individual

antennas with an appropriste phase shift, : introduced

betwesn sach of them. For a given - the output of the system
corrasponds to the signat Impinging on the srray from =
specific diraction in space.

Figure 10.7 i3 a photograph of the first multiple radio
interferomater designed by W. N. Christiansan ang built in
Auystralia in 1951, It conslats of 32 parabolic antennas, ssch
2 m in dismetar, designad to function in phase at the wive-
length of the 21 cm hydrogen emission line. The snténnas
are arranged along an east—west bassline with 7 m separating
egach ona. This particutar aray utilizes tha sarth's rotstion
as the scanning meachaniam.

Examine Fig. 10.8 which depicts an idenlized line source
of elegtron-oscillatore {e.g.. the secondery sources af the
Huygens-Frasnel principle for a long slie whosa width ia
muych less than A iluminated by plane waves). Each poim
emits a spherical wavelet which we write as

£= (i") 8in (nid = kr)

axplicitly indicating the inverse r-dependence of the ampli-
tude. The quantity £, is said to be the source strength. Thi
prasent situation is distingt from that of Fig. 10.6 in that now
the saurces are vary weak, their number, A, is tremendous)y
large and the separation betwesn them vanishingly smail. A
minute, but finite segment of the amay Ay, wili contein
Ay, (/D) sources where I is the entire length of the array,

DIFFRAZIONE Il (FRAUNHOFER)

Imagine then that the array is divided up into M such seg-
ments, |6, §goes from ¥ 10 A The contributian ta the alectric
field intansity at P from the jih segment is accordingly

E = (i )sm {rf — kr,)(”ay')

provided that Ay is so smail that the oscillators within it
have a negligibia relativa phase diffarence ¢, = constan?)
and their fields simply add constructively, We can cause the
arrgy o become a continuous (cobargnt) line gource by
letting A appeoach infinity. This description, besides being
fairly realistic on a macroscopic sceéle, also ailows the use of
the calculus for more complicaied geometries, Certainly as V
appiogches intinity, the source sirengths of the individual
oscillators must diminish to near zaro if the total output is to
be finite. We can therefore gefing a constant £, as the
gource Strength par unit fength of 1the aray, that is

1
= 5 Jifn {FM). (10.8)

The net fig/d ot P from ait M segments is

L1
£
E= T “bsin (wt — ki) Ay,
w1
For a continucus line source Ay, can become infinitesimal
(M— )} and the summmmn is then transformed into a
definita integrel

i F 2 3R (rd = k!r_) i

Lz r (105}
where r = H{y), The approximations used to svaluate Eq.
{10.9) must depend on the position of # with respect o tire
aray and will therefore make the distinction betwean Fraun-
hofer and Fraspel diffraction. Tha coberent opticad line
source does not now axist as a physical entity but we will
make good usa of it a5 @ mathematicsl device,

10.2 FRAUNHOFER DIFFRACTION

1423 The Single 5lit

Return 1o Fig. 10.8 where now the point of ghsarvation is
very distant from the cohgrent ling source and R » 0.
Under these circumstances r(y) nevar deviates appreciably
from its midpoint value & so that the quantity {£,/R) ot P is
assentizly constent for all elements oy, (1t follows fram Eq.
£10.9) that the figld 5t 2 due 1o the differential segmant Gf the

source dy {8

o = Lgin (t ~ &) dy. (10.10)

R
wherg (£, /@) dy is the amplitude of the wave. Notice that
the phase is very much move gensitiva ta varistions in r(v)
than is the amplituda so that we will have 10 be more carefu)
about intreducing approtimations into it. We can axpand
r{¥}). in precisely the same manner as was dong in Problem
(9.4), 1o get it as an expticit function of y, thus

r=R—ysind + (yY2R)cos? U 4. - (10.11)

where () is measured from the x2-gtane. The third tarm can be
ignored so long as its contribution to the phasa is inslgnifi-
cant gvan whan ¥ = +0/2, ie (rD*/4;R} ¢os’ & must be
negligibla. This will he trug for all velues of # whan R is
adeguately large and we Bgain have the Fraunhofar condi-
tian. The distance ¢ is then lingar in . Substituting into
Eq. (10.10) and integrating feads to

g
£ = ET'} sin [rf - k(AR — ysind)]dy, (1012}
Al o
and finally
_ E,Dsin [(kDIZ} sin E!]
BB eing SN - kAL (1013)
To simplify the appearance of things let
B = k2 sin (1014
so that
0 (sm [)
£= 7k i sin (ot — kA). f10.15)

The quamity most readily meagured is the irradiance {(for-
getiing the constants) (i} = (£25 or

w21

wherg ¢sin® (wt — KA}y =+ When d = 0, sin /8 =1 and
HY = K0} which corresponds to the principal maximum,
The irradignce resulting from an idesiized cofisrent line
source in the Fraunholpepproxifiatio

5in ,ﬂ}z

{(10.16)

Hp = (|25

or using the sinc function
Appendixj

fHy = 10} sinc? ff.
There is symmetry #bout the y-axis and this expressicn
holds for & measured in any plare containing that axis.



DIFFRAZIONE il

“Diffusion cone”:
SinO ~ A/a

l

i 1_._...____.__ =
|
|

Diffraction ripples:
|~ 1, (sina/a)?
with:
a=masind/ A

—e
-
o
a
=
Il

Il passaggio di luce attraverso un’apertura di diametro a ~ A provoca diffrazione:
- Cono di diffusione;
- Ripples e modulazioni dell’intensita (frange)
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DIFFRAZIONE E CAVITA

l I l ‘ Per il principio di reciprocita la
j _UF' \ riflessione da ogni specchio
Z _T_ comporta una diffrazione
- d —w
resonator d"“d“l (n-2)-L Ld‘J

d>a?/
equivalent system of equidistant apertures

Fig.5.7. The diffraction of an incident plane wave at successive apertures s
d is equivalent to the diffraction by successive reflections in a plane-mirrc
with mirror separation d

a)
_H HH b) In ogni tipo di cavita si
zufT\ e;uzq _M < verificano perdite legate alla

/rd\ . .
R 20 {326 Ma - | diffrazione
| (risonatore aperto)

Iy

diffraction
) - losses
Fig.5.5. Equivalence of diffraction at an aperture (a) and at a mirror of equal size (b)
The diffraction pattern of the transmitted light in (a) equals that of the reflected light.
in (b). The case 8,d =a — N = 0.5 is shown
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MODI TRASVERSALI DEL CAMPO

5.2.2 Spatial Field Distributions in Open Resonators

In Sect.2.1 we have seen that any stationary field configuration in a closed
cavity (called a mode) can be composed of plane waves. Because of diffrac-
tion, plane waves cannot give stationary fields in open resonators, since the
diffraction losses depend on the coordinates (x,y) and increase from the
axis of the resonator towards its edges. This implies that the distribution
A(x,y), which is independent of x and y for a plane wave, will be altered
with each round trip for a wave travelling back and forth between the mir-
rors of an open resonator until it approaches a stationary distribution. Such
a stationary field configuration, called a mode of the open resonator, is
reached when A(x,y) no longer changes its form, although, of course, the
losses result in a decrease of the total amplitude, if they are not compen-
sated by the gain of the active medium.

The mode configurations of open resonators can be obtained by an
iterative procedure using the Kirchhoff-Fresnel diffraction theory [5.16].
The resonator with two plane, square mirrors is replaced by the equivalent
arrangement of apertures with size (2a)? and a distance d between succes~
sive apertures (Fig.5.7). When an incident plane wave s travelling into the z
direction its amplitude distribution is successively altered by diffraction,
from a constant amplitude to the final stationary distribution A (x,y). The
spatial distribution A, (x,y) in the plane of the nth aperture is determined
by the distribution Ap ;1 (x,¥) across the previous aperture.

Risonatore confocale

Z=d/4

From Kirchhoff’s diffraction theory we obtain (Fig.5.8)
' oy e dy 5.26)
! 'y} —eike gydx’dy” . (
Anlx,y) = - ﬂIIAH_I(x,Hpe‘ (1 + cosf) dx’dy

A stationary field distribution is reached if

Ca(x,y) =CAp (x,y) Wwith C=vT-yped . > (5.27)

T i i not depend on x and v. The quan-
tity vy, represents the diffraction losses and ¢ the corresponding phase shift,

by diffraction. o _
causﬁiseﬁting (5.27) into (5.26) gives the following integral equation for the

stationary field configuration

i - ) Leke (1 4 cost dx’dy’ . (5.28]
Alx,y) = - 35(1 - 1p)W2e ™ [A(X,y) Jeke( )

Because the arrangement of successive apertures is equivalent to the plane-
mirror resonator, the solutions of this integral equation also represent the
stationary modes of the open resonator. The diffraction-dependent phase
shifts ¢ for the modes are determined by the condition of resonance, which
requires that the mirror separation d equals an integer multiple of A/2.

The general integral equation (5.28) cannot be solved analytically and
one has to look for approximate methods. For two identical plane mirrors of
quadratic shape (2a)2, (5.28) can numerically be solved by splitting it into
two one-dimensional equations, one for each coordinate x and vy, if the
Fresnel number N = a2 /(d)) is small compared with (d/a)2, which means if
a << (d®X)1/4, Such numerical iterations for the "infinite strip” resonator
have been performed by Fox and Li [5.18]. They showe i
field configurations do exist, and computed the field distributions of these
mades, their phase shifts and their diffraction losses.

r + 2
-d/2 ) /2 2

La distribuzione spaziale dell’intensita e.m. nella
cavita puo essere calcolata (humericamente)

Fig.5.10. Phase fronts and intensity profiles of the fundamental TEMy, mode at sev-
eral locations z in a confocal resonator




RISONATORI CONFOCALI |

TEM,, TEMg, TEM,,

TEM,4

1
I
!

1
i
+

[l

1
L]

1

— + Z
0 +d/2

5.2.3 Confocal Resonators

The analysis has been extended by Boyd, Gordon, and Kogelnik to resona-
tors with confocally-spaced, spherical mirrors (5.19,201 and later by others
to general laser resonators [5.21-29]. For the confocal case (mirror separa-
tion d is equal to the radius of curvature R), the integral equation (5.28)

-

Ax) Ax)
[ TEMy, /Qnm
X o

can be solved with the acceptable approximatio. hich implies p =
d in the denominator and ¢os =~ 1. In the phase t®rexp(-ikp), the distance
# cannot be replaced by d, since the phase is sensitive already to small

changes in the exponent. One can, however, expand p into a power series of
xx’/d* and yy’/d2. For the confocal case (d = R) one obtains [5.7, 19]

p2~d[l - (xx"+yy)/R2]. (5.29)

Inserting (5.29) into (5.28) allows the two-dimensional equation to be se-
parated into two one-dimensional homogeneous Fredholm equations which
can be solved analytically [5.19,23].

From the solutions, the stationary amplitude distribution in the plane z
= z; vertical to the resonator axis is obtaineg he-canfocal resonator it

can be represented by the product of @ermitian polynomials? a Gaussian

function, and a phase factor:

Apn(X,¥,2) = CTH,, (x")H, (y") exp(-r2 /wl)expl-ig(z.,r,R)}.  (5.30)

Here, C” is a normalization factor. The function H, is the Hermitian poly-
nomial of m*h order. The last factor gives the phase ¢(zg,r) in the plane z =
zg at a distance r = (x2+y2)1/2 from the resonator axis. The arguments x"
and yv* depend on the mirror separation d and are related to the coordinates
x, ¥, zby x" = vV2x/wand y* = vV3y/w, where

wi(z) = %{1 + (22/d)?] (5.31)

X is a measure for the radi i istributi

From the definition of the Hermitian polynomials [5.30], one can see
b) that the indices m and n give the number of nodes for the amplitude
it
N I ERTE Y
[}

A(x,y) in the x (or the y) direction. Figures 5.9,10 illustrate some of these
P i fid

"Transverse Electro-Magnetic standing waves” which are called TEMm\n
modes. The diffraction effects do not essentially influence the transverse
P character of the waves. While Fig.5.9a shows the one-dimensional ampli-
tude distribution A(x) for some modes, Fig.5.9b depicts the two-dimen-
TEMgo TEM1o TEMzo TEMoo TEMo: TEMo2 sional field amplitude A(x,y) in Cartesian coordinates and A(r,8) in polar
T ” 7 i 7 coordinates. Modes with m = n = 0 are called Sundamental modes or axial
At
} ¥
AR ¥ ]
TEMy, TEMy, TEM,z TEMyq TEM,, TEM,;
i
coordinates: x, y

y it bibi

——

modes (often zero-order transverse modes as well), while configurations
with m > 0 or n > 0 are transverse modes of higher order. The intensity dis-
tribution of the fundamental mode log « AgygAggcan be derived from
(530). With Hy(x") = Hy(y") = 1 we obtain

|
i
¢

—

Ipo(x,y,2) = [ye-22 fw? (5.32)
coordinates: r, ¢ k& w 0

Fig.5.9. (a) Stationary one-dimensional amplitude distributions Al {x}in-a confocail
resonator. (b) Two-dimensional presentaticn of linearty polarized resonator modes for
square and circular apertures



RISONATORI CONFOCALI II

The fundamental modes have a Gaussian profile. For r = w the intensity

decreases to !/ez of its maximum value I; = C*2 on the axis (r = ). The 100.0 L PO A S SO B
value r = w is called the beam radius or mode radius. The smallest beam - —— plane mirrors EM
- - - -
radius wy within the confocal resonator is the beam waist, which is located T - N
at the center z = 0. From (5.31) we obtain with d = R 10.0 o -
wy = (AR/2m)1/2 Waist {5.33) \'_o' TEMoq
7]
At the mirrors {(z = d/2) the beam radius w(d/2) = V2w, is increased by a 4] confocal
factor v2. § 10 - resonator
Examples 5.4
a) For a HeNe laser with X = 633 nm, R =d =30 cm (5.33) gi =
mm for the beam waist. ( ) Bives wo = 0.17 o ]
b) ForaCOzlaserwith)\=lOum,R=d=2miswﬂ=l.8mm. I
i i 1 1 1 1 A " | 1 1 1 I 1
0 0.2 04 0.6 08 1.0 1.2 1.4
. . . . . : — m2
Tipicamente il volume di mezzo attivo Numero diFresnel N=a%/d-2
b ) . . Fig.5.11. Diffraction losses of some modes in a confocal and in a plane-mirror reso-
efflca ce” e molto p|CCOIO nator, plotted as a function of the Fresnel number N

& large Fresnel number (well above 1) of a resonator {cavity) means that diffraction losses at the end
mirrors are small for typical mode sizes (i.e. not near a stability limit of the resonator, where mode sizes
can diverge). This is the usual situation in a stable laser resonator. Conversely, a small Fresnel number
means that diffraction losses can be significant - particularly for higher-order modes, so that diffraction-

limited operation may be favored,

Il numero di Fresnel e direttamente legato al fattore di qualita, Q ¥ N

Risonatori confocali permettono di ridurre le perdite, cioé aumentare Q, a parita di N
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STABILITA RISONATORI

5.2.6 Stable and Unstable Resonators

In a stable resonator the field amplitude A(x,y) reproduces itself after each
round trip apart from a constant factor C which represents the total dif-
fraction losses but does not depend on x or y, see (5.27).

The question is now how the field distribution A{x,y) and the diffrac-
tion losses change with varying mirror radii Ry, R, and mirror separation d
for a general resonator. We will investigate this problem for the fundamen-
tal TEMg, mode, described by the Gaussian-beam intensity profile. For a
stationary field distribution, where the Gaussian beam profile reproduces
itself after each round trip one obtains, for a resonator consisting of two
spherical mirrors with the radii R;, R,, separated by the distance d, the
spot sizes 7w, 2 and 7w, 2 on the mirror surfaces {5.1,23]

- 1/2 g1 1/2
2=2d [*——-] : 2=2Xd [—_] 5.42
™ gl - £:83) W2 ga(1 - B18s) ( )

with the parameters (i = 1,2)
gi=1-d/R;. {5.43)

This reveals that for g, = 0 or g, = 0 and for g, g, = 1 the spot sizes become
infinite at one or at both mirror surfaces, which implies that the Gaussian
beam diverges: The resonator becomes unstable. An exception is the confo-
cal resonator with g, = g, = 0, which is stable if both parameters g; are ex-
actly zero. For gyg, > 1 or g;g, < 0 the right-hand sides of (5.42) become
imaginary, which means that the resonator is unstable. The condition for a
stable resonator is therefore

Risonatori stabili consentono di ottenere perdite
costanti per ogni roundtrip

Risonatori instabili possono essere preferibili per
coinvolgere una maggiore quantita di mezzo attivo
(fattore di riempimento)

—> Laser ad alta potenza (e scarsa qualita del fascio)

Table 5.1. Some commonly used optical resonators with their stability parameters g; =

1- d/R;

Type of resonator Mirror radii Stability parameter
Confocal Ry+Ry=2d g, +g,=2g,8,
Concentric R, +R,=d 818y =
Symmetric R, =R, € =By =8
Symmetric confocal R; =R, =d 81 =8,=0
Symmetric concentric R, =R,=4d g =g,=-1
Semiconfocal R, =0 1=l g =14
Plane R1=Rz=oo g1=g2=+[

D<gigg <1 or

g1 =g,=0.

unstable

symmetric
confocal

symmatric
concentric

unstable

unstable
plane - plans

confocal

1
1
| neg. branch

unstable

(5.44)

Fig.5.12, Stability diagram of optical

resonators, The hatched areas represent

stable resonators



RISONATORI E PROPRIETA OTTICHE FASCIO

a} plane resonator b) confocal resonator

R st T T A

For some laser media, in particular those with large gain, unstable re-
sonators with g, g, < 0 may be more advantageous than stable ones for the
following reason: In stable resonators the beam waist wy(z) of the funda-

mental mode is given by the mirror radii Ry, Ry and the mirror separation
,“'——d —‘-i d, see (5.33), and is generally small (Example 5.4). If the cross section of

the active volume is larger than «w?, only a fraction of all inverted atoms

Ri=Ry=e, g1=g;=1 Ri=Rp=d g1=g,=0 can contribute to the laser emission into the TEMj, mode, while in unstable
¢) concentric resonator d) semiconfocal resonator resonators the beam fills the whole active medium. This allows gxtraction of
the maximum output power. One has, however, to pay for this advantage
A= R, e—— Ry——— by a large beam divergence.
g91=05 Let us consider the simple example of a symmetric unstable resonator
E;;- go=1 depicted in Fig.5.14 and formed by two mirrors with radii R; separated by
R, = 2d the distance d. Assume that a spherical wave with its center at F 1 is emerg-
1 - - . . 0

Ri=+R,=d c@=1 ing from mirror M,. _The spherical wave geoma?tncally ref_lecteq by M, hZ.lS
1 2=G 8192 — Ry=e Its center in F,. If this wave, after ideal reflection at M., is again a spheri-
. . cal wave with its center at F,, the field configuration is stationary and the

&) general spherical resonator mit TEM,o-Mode mirrors image the Iocal point F 1 into F,, and vice versa.
For the magnification of the beam diameter on the way from mirror

’P/’ \ M, to M, we obtain from Fig.5.14 the relation
B
w2 d+R,
n 1. M,, = R (5.45)
I “ " 4 ’u\ 1

Fig.5.13. Somea avamnlac af ~reanaant.. oo 3

a) I/
™77 near fiaid
VN | pattem

1/1,4 P | | I
1.0 / 284
" AL

tar field
distribution 0--7

~Y

0

-400 -200 ¢ 200 400 O [prad]

Fig.5.16a,b. Diffraction pattern of the output intensity of a lz§ser w-rith_ an ‘unstable
resonator. (a) Near field just at the output coupler and (b) far-f:e!d dlstrfbutlon-ll for a
resonator with a = 0.66 cm, g, = 1.21, g, = 0.85. The pattern obtained with a circular
output mirror (solid curve) is compared with that of a circular aperture (dashed curye)

e ¢ —
a) b)

Fig.5.14. (a) Spherical waves in a symmetric unstable resonator, emerging from the
virtual focal points F; and F,. {b) Asymmetric unstable resonator with a real focal

/ 1 point between the two mirrors

Proprieta ottiche del fascio
(divergenza, dimensione, fronte d’'onda, etc.)
influenzate da geometria cavita




QUALITA E ROUNDTRIPS

Piano parallelo Instabile

Dopo un roundtrip

Roundtrip time t ~ L/c
(L lunghezza totale)

Dopo 30 roundtrips T [ns]=3L[m]

Evoluzione della distribuzione trasversale del fascio al waist

Parametri del fascio Cavita piano parallela Cavita instabile Occorrono numerosi passaggi
il s i i affinché il fascio assuma proprieta
ottiche “ottimali”

Fattore di qualita 200 10

Tab. 1 - Valor dopo 30 round-trip
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MODI LONGITUDINALI RISONATORE

Modi lungitudinali

Longimdinal medes involve light waves which travel parallel to the laser cavity axis. When
such a wave 15 reflected from a cavity mirror, the reflected wave combines with the incident wave
to give 1ise to a standing or stationary wave as indicated in Figure 5.1, To simplify the diagram, the
amplifying medinm has been omitted and, provided that it can sustain several modes of oscillation
at the same time,_ it is not necessary to consider 1t to vnderstand the origin of multiple longitudinal
modes. Amplifying media that can support the simultaneous oscillation of 2 number of longitudinal
modes are referred to as being inhomogeneously broadened.

Total Partial

reflecter
standing wave reflector

ll”n”n”n”n"n”n”n”l'|'|'|'|! '.'.'.'.'n"n"n"n".l - -__I
ARRAAR I TS noan

1]
Y [EATRY
4 | Output

L *

Figwe 5.1

Standing waves can be sustained within the laser cavity oaly if the length of the cavity 15 equal to an
integral number of half wavelengths. This condition can be written as:

ol =si/2, consintero  Quantizzazione modi
Nella 5.1 n indica I'indice di rifrazione del mezzo che riempie 1a cavita. For most lasers, values of 5
larger than a million are typical Because of this, different longitudinal medes cormresponding to
snccessive values of s have wavelengths that are different, but only slightly different. It 1s a sumple
matter to write down the above condition in terms of the frequency of a mode rather than its
wavelength and. from the resulting expression calculate the difference in frequency between two
successive longitedinal modes. La separazione in frequenrza tra due modi longitinali adiacenti si
ottiene dalla (3.1) e vale

(5.1)

Av=c/20L Free spectral range ©-2)

v, = %[q+ %(m +0+ l)] . (5.49)

The fundamental axial modes TEMgq, {m = n = 0) have the frequencies v =
{q+¥)c/2d and the frequency separation of adjacent axial modes is

= . (5.50)

Equation (5.49) reveals that the frequency spectrum of the confocal resona-
tor is degenerated because the transverse modes with g = q; and m+n = 2p
have the same frequency as the axial mode with m = n = 0 and q = q,+p.
Between two axial modes there is always another transverse mode with
(m+n+1) = odd. The free spectral range of a confocal resonator is therefore

8V onfocal = CA4d . Free spectral range (5.51)
confocale
c
'Zd_ |
(a) frequency
|
2d
(b) frequency

Free spectral range
Confocale disallineata

piano parallela

Per cavita piano parallela:
Av|[GHz] ~ 1.5/(nL [m]), con n indice rifrazione

Modi longitudinali cavita
selezionano frequenze

Piu modi longitudinali possono essere

contemporaneamente sostenuti
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SPETTRO DI GUADAGNO

Guadagno del mezzo attivo (sistema a tre livelli, da master equation):

o Hots ha) bl ) () h B o e e
Ay [An +4,, . V

Il mezzo attivo permette guadagno all’interno di una certa banda

La condizione di conservazione dell’energia (hv = E,-E,) deve essere rilassata
(lo @ comungue nel caso in cui il mezzo attivo presenti bande di energia, come in alcuni solidi)

Principali cause di allargamento di riga:
- AIIargamento omogeneo (tutti gli elementi si comportano statisticamente allo stesso modo)
- AIIargamento disomogeneo (ogni elemento si comporta a modo suo e il risultato & “mediato”)

Tipicamente:

- Allargamento omogeneo - forma di riga Lorentziana

- Allargamento disomogeneo > forma di riga Gaussiana
(in genere combinazione delle due)
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Typical gain bandwidths:

Gam medium | Wavelength | Bandwidth (Hz)
HeNe 6328 A 1.5 108
Nd:glass 1.06 um 31012
Nd:YAG 1.06 um 120 10°
Ruby 6943 A 6 1010
Argon 10ns 350-520A |3510°
Ti:Saphire 0.7-1.1 um 100 1012
Rh.-6G dye 0.56-0.64 um |5 108
CO, gas 10 um 60 106
Er doped fiber |1.55 um 41012
Diode lasers 0.7-1.6 um 1043

Laser a.a. 2007/08 - Parte 5 - Versione 1

Cianm

LARGHEZZE DI GUADAGNO TIPICHE

bandwidth

Esistono mezzi attivi con
righe di guadagno “strette”
(GHz) e larghe (THz)

Finestre di guadagno fino a
centinaia di nm!
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PRINCIPALI CAUSE ALLARGAMENTO OMOGENEO

Vita media (7) finita dei livelli:
Ad esempio, se considero solo emissione spontanea, ho 1 = Tgp = 1/A,,

Principio di indeterminazione: AwAt > 272> Aw > 27/t (valori tipici per atomi in vapore/gas Av~ 0.1 GHz)

Piu realisticamente, a causa di processi di rilassamento (in genere non radiativi):
1/t =1/t +1/1 > Aw ~ 1-5 GHz, e anche oltre

nonrad

Nota: processi non radiativi possono essere dovuti a collisioni interatomiche o
intermolecolari nei vapori oppure a interazione con fononi nel caso di mezzi attivi a
stato solido o liquido (larghezze omogenee grandi in questi casi!)

Si puo dimostrare che la forma di riga in questi casi € Lorentziana con larghezza ~ 1/t
(cfr. anche forma di riga di €, nell’interazione con dipolo classico smorzato, mod. Lorenz)

Esistono altri meccanismi di allargamento omogeneo, ad esempio per saturazione di
potenza, quando | >> I, (cfr. anche equazioni di bilancio per sistema a due livelli)
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PRINCIPALI CAUSE ALLARGAMENTO DISOMOGENEO

3.2 Doppler Width

Generally the Lorentzian-line profile with the natural linewidth év,, as dis-
cussed in the previous section, cannot be observed without special tech-
niques, because it is completely concealed by other broadening effects, One
of the major contributions to the spectral linewidth in gases at low pressures
is the Doppler width, which is due to the thermal motion of the absorbing
or emitting molecules.

Consider an excited molecule with a velocity v = {Vy, ¥y, v, ) relative to
the rest frame of the observer. The central frequency of a molecular emis-
sion line that is w,y in the coordinate system of the molecule, is Doppler
shifted to

w, =y + kv (3.38)
for an observer looking towards the emitting molecule (that is, against the
direction of the wave vector k of the emitted radiation; Fig.3.6a). The ap-
parent emission frequency «, is increased if the molecule moves towards
the observer (k-v > (), and decreased if the molecule moves away (k-v <
0).

Similarly, one can see that the absorption frequency wy of a molecule
moving with the velocity v across a plane EM wave E = Egexpliwt-k-r) is
shifted. The wave frequency w in the rest frame appears in the frame of the
moving molecule as

W =w-kv,

The molecule can anly absorb if w” coincides with its eigenfrequency wy.
The absorption frequency w = w,_ is then
w, =wy + kv, {3.3%a)

As in the emission case the absorption frequency w, is increased for k-v > ¢
{Fig.3.6b). This happens, for example, if the molecule moves paraltel to the

zZ
- 3 v .
Kk k
Wy o
Detector
04 = ¥ -
/L-mezmo+k-v =0 -k-v
w =g+ kv
X L=
a) b}

Fig.3.6. (a) Doppler shift of a monochromatic emission ling and (b} absorption line

wave propagation. It is decreased if k-v < 0; e.g., when the molecule moves
against the light propagation. H we choose the +z direction to coincide with
the light propagation, {3.39a) becomes with k = {0,0,k,) and ]k| =2m/A,

w, =wp(l +v,/c). {3.39b)
Note: Eqs.(3.38 and 39) describe the linear Doppler shift. For higher accu-
racies the quadratic Doppler effect has to be considered in addition
(Sect.14.1).

At thermal equilibrium, the molecules of a gas follow a Maxwellian
velocity distribution. At the temperature T, the number of molecules
n;(v,)dv, in the level E; per unit volume with a velocity component be-
tween v, and v +dv, is

Ni e'("st"’p)z dv, ,

(3.40)

ni(vl)dvs = v

where N; = [n;(v,)dv, is the density of all molecules in level E;, v, =
(2kT/m)1/2 is the most probable velocity, m is the mass of a molecule, and
k is Boltzmann's constant. Inserting the relation (3.39b) between velocity
component and frequency shift with dv, = (c/wy)dw into (3.40) gives the
number of molecules with absorption frequencies shifted from w, into the
interval from w to w+dw

e (elw-wg) z]
n;{w)dw = N; l‘Jovp‘/’-r\,xpl: { wovy ] diw.

Since the emitted or absorbed radiant power P(w)dw is propottional to the
density n;(w)dw of molecules emitting or absorbing in the intervall dw, the
intensity profile of a Doppler-broadened spectral line becomes

(3.41)

Note that Swp increases linearly with the frequency wy and is proportional
to (T/m)1/2, The largest Doppler width is thus expected for hydrogen (M =
1} at high temperatures and a large frequency w for the Lyman « line.

Equation {3.43) can be written more conveniently in terms of the Avo-
gadro number N, (the number of molecules per mole), the mass of a mole,
M = N,m, and the gas constant R = N, k. Inserting these relations into
(3.43) gives for the Doppler width

fwp = (2wy /c}V2RT In2/M . (3.43b)
ar in frequency units, using the values for ¢ and R,
Svpy = 7.16:1077 vy vT/M [Hz]. (3.43¢)

Example 3.2

a) Vacuum ultraviolet; For the Lyman « line (2p — 15 transition in the H
atom) in a discharge with temperature T= 1000 K, M =1, A = 1216 A, Yy =
247-1015 571 — up = 5.6-1010 Hz, sap = 2.8-10-2 A,

b) Visible spectral region: For the sodium D line (3p — 3s transition of the
Na atom) in a sodium-vapor cell at T = 500 K, X = 5891 A, u = 5.1-10%4
st — fupy = 1.7-10° Hz, é2p = 1102 A,

¢) Infrared region: For a vibrational transition (J;,vy) < (J,,,v) between
two rovibronic levels with the quantum numbers J,v of the COy molecule
in a CO, cell at room temperature (T = 300K), A = 10 ym, v = 3-1018 51,
M =44 — fupy = 5.6-107 Hz, 63p = 0.19 A.

1) = lnexp[ - [M]z] . 34

Wy Vp

This is a Gaussian profile with a full halfwidth

Swp = 2vIn2uw, vp/c= [w—u]VSkT]nZIm R (3.43a)

<

which is called the Doppler width. Inserting (3.43) into (3.42) yields with
1/(41n2) = 036

Tipicamente Av ~ diversi GHz

Allargamento disomogeneo
dominante in vapori/gas

I(w) = [yexp|- (3.44)

(w-uy )2 ]
0.366up2 )’

Nel caso dei vapori/gas, il movimento (termico) degli atomi/molecole determina frequenze di risonanza effettive
dipendenti dalla velocita (a causa di effetto Doppler)

Supponendo distribuzione velocita Maxwelliana (statistigs diBeltzmanm)rsi trova forma di riga Gaussiana 23




SPETTRO EMISSIONE LASER |
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Fig.5.21. Gain profile of a laser transition with resonator eigenfrequencies ¢
modes

According to (5.8) the gain profile Gy(v) = exp[-2a(v)L] depends o
the line profile g(v-v5) of the molecular transition E;—E,. The threshol
condition can be illustrated graphically by subtracting the frequency-de
pendeat losses from the gain profile. Laser oscillation is .possi‘ble at all fre
quencies v, where this subtraction gives a positive net gain (Fig.5.23).

-oal  -2al-y

0Ly

/7
/\ /\ /\ threshold
-2al-y=0 k

")
A
Fig.5.23. Reflection losses of a resonator (lower curve), gain curve V) (upper curve
and net gain Aa(v) = -2La(v)-y(v) as difference between, gain (x < 0}, and- losss

(middle curve). Only frequencies with Aa{i) > 0 reach oscillation thifeShéld

5.3.1 Active Resonators and Laser Modes

Introducing the amplifying medium into the resonator changes the refrac-
tive index between the mirrors and with it the eigenfrequencies of the reso-
nator. We obtain the frequencies of the active resonator by replacing the
mirror separation d in (5.52) by

d* =(d-L) + n(v)L = d + (n-1)L , (5.57)

where n(v) is the refractive index in the active medium with length L. The
refractive index n(v) depends on the frequency v of the oscillating modes,
which are within the gain profile of a laser transition where anomalous
dispersion is found. Let us at first consider how laser oscillation builds up
in an active resonator.

If the pump power is increased continuously, threshold is reached first
at those frequencies which have a maximum net gain. According to (5.5)
the net gain factor per round trip

G(v,2d) = exp[-2a()L - 1], (5.58)

is determined by the amplification factor exp[-2a(i©)L] which has the fre-
quency dependence of the gain profile (5.8), and also by the loss factor
exp(-24d/c) = exp[-7(v}] per round trip. While absorption or diffraction
losses do not strongly depend on the £ requency within the gain profiles of a
laser transition, the transmission losses exhibit a strong frequency depend-

ence, which is closely connected to the eigenfrequency spectrum of the
resonator. This can he illnstrated ac fallaswe:

Generalmente diversi modi longitudinali
sono racchiusi nella forma di riga di
guadagno

Risonatore attivo ha perdite grandi fuori
dalle frequenze dei modi longitudinali
(allargate in modo Lorentziano a causa
dellarv@kiazione di n con w)




SPETTRO EMISSIONE LASER I

Loopt  Longiudinal Distance
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A .| ). _|Laser ; i
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Laser ¢ : i guadagno e modi cavita
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Pawer : Modes
. Lirewidth
of One
Longitudnal
p ' ] . Modea
Poa Vina ¥ Vet Vi Frequency V
Inoltre:

Il modo TEMjyp presenta le minori perdite per diffrazione ed e, quindi. favorito nell’oscillazione
laser. Gli altri modi di ordine superiore hanno ai bordi un’intensita piu elevata del modo TEMyg

e subiscono perdite per diffrazione maggiori. = Anche modo trasversale é selezionato

a

Pero operazione multimodo talvolta
possibile come anche fluttuazioni
random (jitter) in frequenza

Fig.5.26. (a) Stable multimode {Exposure time 1} ()T
sk v

short-time exposures of the multim
: ode spectrum of an argon I polgW i
the same film to demonstrate the randomiy ﬂuctuating'-@légfé‘i's?;?g@-? Peedte 5 - Versione 1 -

operation of a HeNe laser.



ALCUNI ESEMPI DI CAVITA LASER

4p - levels
2. 2p. 2Pan Si2
a) 2p 205/2 Dz “Pip L8
M1
Laser tube Opg
i g2 « |E
g =
El 3 5 /5
T=4% S ¥
o .
., (]
og "\ M2 etalon
45 2Py M

45 2Py

\Q

Fig.5.28. Line selection in an argon laser with a Brewster-prism (a) or a Littrow-

£ " a - external Litt
prism reflector (b), Term diagram of laser transition in Art (¢) mode eylindrical g;azﬁ\‘s
filter
lens L
pump laser

Fig.5.44. Short Hinsch-type dye-laser cavity with Littrow grating and mode selection

‘“/\ either with an internal etalon or an external FPI as "mode filter* [5.57]
7 4 i
I.. d hed ‘jM
Mtl "2

Fig.5.36. Single-mode operation by inserting a tilted etalon inside the Jaser rescnator

-
74

Figura 3.2: Bacchetta laser con le facce terminali tagliate all’angolo di Brewster.

Laser a.a. 2007/08 - Parte 5 - Versione 1 26



CONCLUSIONI

Per creare una sorgente laser occorre inserire mezzo attivo (pompato) in una
cavita ottica risonante, che & quindi componente essenziale del laser

Emissione laser ha luogo quando il guadagno del mezzo supera le perdite
—> esiste soglia per emissione laser

A causa delle condizioni al contorno, le cavita ottiche sostengono determinati
modi di radiazione trasversali e longitudinali

Gli schemi piu semplici (specchi piani paralleli) mostrano perdite per
diffrazione

Schemi piu complessi (e.g., confocali) aiutano a limitare le perdite

La selezione dei modi (longitudinali) influenza la lunghezza d’onda di
emissione ed il carattere monocromatico

Vedremo in seguito quali caratteristiche della luce laser sono dovute
direttamente alla cavita

Laser a.a. 2007/08 - Parte 5 - Versione 1
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