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Outlook

What we are interested in:
‐ description of the behavior for a solid at the local (ultra‐small!) scale

Restrictions (for the moment!):
‐ the solid is a crystal, i.e., single atoms (or molecules) are regularly arranged in space
‐ the sample is huge in all three directions (it’s a bulk crystal, for the moment!)

Assumption:
Electron and “ions” (i e lattice sites)‐Electron and “ions” (i.e., lattice sites) 
can be considered separately, i.e.:
‐ the total Hamiltonian is sum of 
Hamiltonians andHamiltonians and 
‐wavefunctions are multiplied

Electron wavefunction  transport properties
Lattice wavefunction  termo(mechanical) properties( ) p p
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Interaction force/potential

A N Cleland Foundations of Nanomechanics Springer (2002)

Interatomic force/potential: 
typical example Lennard‐Jones

A.N. Cleland, Foundations of Nanomechanics, Springer (2002)

r
r0 being the equilibrium distance

Attractive/repulsive character 
depending on distance
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Harmonic approximation (small displacements)

At the first order, potential is 
parabolic force is linearparabolic, force is linear 

(and restoring), i.e., harmonic
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Relative motion of the dimer

Center of mass

Conservation of the impulseConservation of the impulse

Neglecting center of mass dynamics, the 

Interaction force

internuclear distance oscillates at some 
frequency  (upon externally applied small 
perturbations) determined by the 
potential curvature

Oscillation frequency
potential curvature
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Trimers

Definition  of strain
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Neglecting center of mass dynamics, a three
particle system requires  two coordinates 



Oscillations of the trimer

Equations of motion

First normal mode

Second normal mode

Search for oscillations
System of linear eqs

im
e

Normal modes as a 
basis set 

(eigenfunctions) for 

t describing the 
oscillatory dynamics
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Linear atom chain (1D)

Linear atom chain

Periodic boundary conditions 
(Born‐Von Karman) assumed to(Born Von Karman) assumed to 

simplify the mathematics

First neighbour harmonicFirst neighbour harmonic 
interaction  assumed
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Symmetry in the chain

Assuming first neighbour interaction and Born‐von Karman, we define a periodic potential , 
with a periodicity given by the average (equilibrium) interatomic spacing (called R here)

In the (simple) 1D linear chain, the Bravais lattice is produced out of the R vectorIn the (simple) 1D linear chain, the Bravais lattice is produced out of the R vector 
representing the interactomi average (equlibrium) distance: we’ll see later the extension to 
more realistic situations

o, più in generale, di un sistema con data periodicità

Plane wave

Envelope function (periodic)
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Demonstration of 
the Bloch theorem

Bloch theorem provides a 
straigthforward way to point out 
the consequences of periodicity, 
which is one of the most striking 
aspect of solid state (especially, 
crystal lattices)
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Linear chain II

Wavevector and oscillation frequency 
are related through the dispersion law

l h’ ( ll )

Acoustic modes

Bloch’s wave (+ oscillation)

Quantization of the wavevector
qm=m (2π/r0)/N

Normal modes of oscillation follow specific 
rules and acquire a collective character
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Periodicity in space implies periodicity in q



Linear chain III

Eigenfunctions

General solution 
for the collective  Crystal momentum
displacement

y

Normal modes of oscillations in the lattice canNormal modes of oscillations in the lattice can 
be regarded as collective excitation of the 
crystal, with proper energy, momentum, etc.
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TheyThey movemove at a at a phasephase velocityvelocity experimentallyexperimentally
correspondingcorresponding toto the the speedspeed ofof sound sound in the in the solidsolid



Further variants I

Fixed

Assuming fixed boundary conditions:

Quantization is still recovered i e theFixed 
boundary 
conditions

- Quantization is still recovered, i.e., the 
quantum character does not depend
on artificial boundary conditions;

- Standing waves are found instead of
travelling waves (reflection at the 
borders…)

- The obtained dispersion relation is
slightly differentslightly different

2 )Nm(
r)N(

mq ≤≤
+

= 1            
1

2

0

π
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Further variants II

More than one species is present in the chain

Quantization condition
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“Optical” branches

http://www.padova.infm.it/carnera/Didattica/Struttura%202004-2005/Files%20pdf/Fononi05.pdf

When the unit cell consists of two different atoms (or sites), “optical phonons” appear
Optical means barely that an electric dipole can be associated to the oscillation
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Phonons and collective excitations

Mathematics can be developed
to define quantum operators
formally similar to those adopted
for the photon description of the 
radiation field:radiation field:
• Phonon similar to photons
• They both are “bosons”
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Quantum character of phonons

The collective excitation of the 
crystal lattice can be regarded 
as a sort of quasi-particle with 

t h tquantum character

Energy quantization as for photons: E = (n+1/2)hνEnergy quantization as for photons: E = (n+1/2)hν
(but the quantum energy is by far smaller)

We want now to demonstrate, in a striking manner, the quantum character of phonons

We will evaluate the internal energy of a lattice at temperature T associated with phonons

energy) of (quantum
freqall

>=< ∑E
In general: Assuming continuous variables

(i.e., assuming very many, slightly spaced, energy levels):

∫
energy)per  modes of(density 

modes) normal ofnumber  average(
freq all

×
× ννν ν dgnhE )(

freq all
∫>=<
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Density of states I

The density of states is a measure of how many states are allowed for a certain value of a quantityThe density of states is a measure of how many states are allowed for a certain value of a quantity 
(typically, wavenumber, frequency, energy…)

We found for the linear chain (one dimensional problem):
Quantization of the wavevector qm=m (2π/r0)/N
Assuming continuous variables and considering that L=r0N is the total size of the sample we have:

q = n 2π/L
The allowed states are uniformly distributed in the reciprocal (q) space with spacing 2π/LThe allowed states are uniformly distributed in the reciprocal (q) space with spacing 2π/L
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Density of states II
Density of states as a function of frequency
We want: g(ν)dν = g(k)dk g(ν) =g(k) dk/dνWe want: g(ν)dν  g(k)dk g(ν) g(k) dk/dν

Note: (dν/dk) is the group velocity of the perturbation
Assuming a non-dispersive material, (dν/dk)  = 2πvsound speedspeed ofof soundsoundg p , ( ) sound, pp

Note: speed of sound is typically depending on direction and on the mode 
(transversal or longitudinal)

1-Dimensional 3-Dimensional

2
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Normalization (Debye model)

In the linear chain, the total number of normal modes of oscillation was NIn the  linear chain, the total number of normal modes of oscillation was N
In the 3D case, we expect a maximum number 3N

It must be: ∫=3 νν d)(gN
:limits Integral

Dν

∫
∫

sfrequencie allowed

 :isthat 

3: with0

2

0

Nd)(g, D ννν =∫

A maximum allowed frequency is
mode) acoustic oneonly  (assuming  

4
9

3
2

V
Nvsound

D π
ν =defined for phonons (not for photons!)

The Debye frequency depends on theThe Debye frequency depends on the 
material properties (density, speed of
sound)
A Debye temperature can be defined asy p
TD = hνD/kB

Th f th iThe occurrence of the maximum
allowed frequency is in agreement with
the presence of a minimum allowed
wavelength for the acoustic vibrations
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Specific heat of the “phonon gas”

ν

We have, thus: νννννν ν

ν

ν d)(gnhd)(gnhE
D

∫∫ →>=<
0freq allowed all

1
Since phonons are bosons, statistics is of the Bose-Einstein kind: 

1

1

−

=
Tk

h

Be
n νν

νν hE D

∫
∂><∂ 11By definition, the specific heat is: ννν

ν d)(g
e

h
TNT

E
N

c
BTk

h∫
−

∂
∂

=
∂

><∂
=

0 1

11

One gets:
For T > TD  : c 3kB (Dulong and Petit!)

For T < TD : c 0 like T3
D  

The striking agreement withThe striking agreement with
experimental data confirms the 
quantum character of phonons
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Debye temperature/speed of sound

Speed of soundp
(longitudinal perturbations)

Debye temperature

Debye temperature is associated with speed
of sound which is in turn associated withof sound, which is in turn associated with
stiffness of the bonds and with macroscopic
mechanical properties
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Reminders of conventional (macro) mech prop

STRESSSTRESS STRAINSTRAINSTRESSSTRESS STRAINSTRAIN

Stress: applied perturbation
σ= F/A

(dimension: pressure)

Strain :measured deformation
ε= δL/L

(adimensional)
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(dimension: pressure) (adimensional)



Tensile strain vs stress measurements

H k ( l ti )Hooke (pure elastic): 
strain proportional to stress

|F|=k|∆l|| | | |
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Y ’ d l i t f th l ti b h i (t i ll 1D t b ti )

Young’s modulus

Young’s modulus is a measurement of the elastic behavior (typically, upon 1D perturbation)

σ
=E (dimension: pressure)

ε
E
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Weak dependence on the material 
(but Young does depend on material!)



Rough microscopic picture I

http://www.grantadesign.com/education/sciencenote.htm
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Rough microscopic picture II

http://www.grantadesign.com/education/sciencenote.htm

Scuola Dottorato da Vinci – 2009/10 http://www.df.unipi.it/~fuso/dida – v. 1 ‐ part 3 –pag. 27Proprietà piccola e piccolissima scala



Rubber as a counterexample

http://www.grantadesign.com/education/sciencenote.htm
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Energy and hysteresis

][J/m1 32σσεe == ][J/m    
22

σ
E

e ==

Elastic energy density

Elastic hysteresis is often seen in stress strain loops
Some energy is “dissipated”

Rearrangement of the atomic structure uponRearrangement of the atomic structure upon 
deformation is involved

Materiale tratto da Laura Andreozzi ‐ http://www.df.unipi.it/~andreozz/stc/elast.pdf
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Poisson’s ratio
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Ideal system (isotropic):ν = 0.5
Tipycally 0<ν < 0.5 (with remarkable exceptions for artificial and natural systems) Materiale tratto da Laura Andreozzi ‐

http://www.df.unipi.it/~andreozz/stc/elast.pdf
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Negative Poisson’s ratio

Materiale tratto da Laura Andreozzi ‐ http://www.df.unipi.it/~andreozz/stc/elast.pdf
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Shear modulus

τ: shear force per surface unit
γ: deformation angle

 Gτ= γG

GG: : shearshear modulusmodulus
Materiale tratto da Laura Andreozzi ‐ http://www.df.unipi.it/~andreozz/stc/elast.pdf
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Bulk modulus

pΔ
V
pVk

Δ
Δ

−=     :modulusbulk 

( )ν213 −
=

Ek

Materiale tratto da Laura Andreozzi ‐ http://www.df.unipi.it/~andreozz/stc/elast.pdf
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Speed of sound/elasticity
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Conclusions

At the nanometer scale, an idela solid (bulk, crystalline, defect-free) can 
be modeled as a network of rigid spheres interacting through an
harmonic potential

Normal modes of vibration are sustained by the system

Macroscopically, they are connected to acoustic vibrations; 
microscopically phonons can be introudced

Ph i id f th h i l ff t ( ifi h t)Phonons give evidence of thermophysical effects (specific heat): 
according to Debye, a critical temperature exists discriminating
classical and quantum behaviors, which depends on the speed of
sound (stiffness and density)sound (stiffness and density)

Macroscopic mechanical properties depend on speed of sound as well

The quantum description required at the ultra-small scale is reflected
into macroscopic mechanical properties
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