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Abstract. The �nite length of polymer chains a�ects both the static and the

relaxation properties of the density of the melt state. These have been investigated

by Molecular-Dynamics simulations of a Lennard-Jones model with �xed bond length.

Under isothermal-isobaric conditions the density increases with the molecular weight.

A suitable Voronoi tessellation reveals the extra free-volume around the chain ends and

shows that it is strongly localized within the �rst end monomer. Simple arguments

are given to interpret the main changes of the monomer radial distribution function

and the corresponding static structure factor when the chain length is increased. As

to the relaxation aspects of the density, it is found that the structural relaxation time

increases with the molecular weight, which is interpreted as a signature of the well-

known corresponding increase of the glass transition temperature.
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1. Introduction

The region surrounding the chain ends (CE) of polymer chains with �nite length is

characterized by imperfect ordering and packing [1]. Therefore, each CE possesses more

free volume than if it were chemically bound within a continuous chain. Expectedly,

this produces a plasticizing e�ect which enhances the mobility. The present paper aims

at characterizing the changes of both the static and the uctuation properties of the

density when the relative fraction of CEs is changed, i.e. when the molecular weight M

is changed.

Fox and Flory pioneered the study of the disorder introduced by the end groups

of a linear chain (polystyrene) and evidenced by dilatometric measurements that the

number density � depends on the number of monomers per chain M as [2]

�(M) =

�
1

�1
+

2Ve

M

�
�1

(1)

where �1 is the number density in the limit of in�nitely long chains and Ve is interpreted

as the extra free-volume per CE. Fox and Flory also recognized that disrupting the local

con�gurational order imparts an extramobility a�ecting the relaxation, and anticipated

the well-known phenomenological relation between the glass transition temperature Tg

and the chain length

Tg(M) = Tg1 �
C

M
(2)

where C is a positive constant and Tg1 is the glass transition temperature in the limit of

in�nite length. The above equation was rationalized by assuming that the fractional free-

volume f(M) is nearly constant at the glass transition temperature Tg, f(M) ' 1=40,

so that the free volume contributed by CEs have to be compensated by an additional

thermal contraction [3, 4, 5, 6]. Even if it has been pointed out that that the glass is not

a true iso-free-volume state [7], and improved expressions of the chain-length dependence

of Tg have been derived by thermodynamic considerations [7, 8], the role played by the

CEs in the polymer dynamics has been extensively studied over the years by several

experiments [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25], theoretical

approaches [26, 27, 28] and numerical simulations [29, 30, 31, 32, 33, 34, 35, 36, 37, 38].

Kremer and Grest �rst noticed by using a bead-spring model and studying

the chain-length dependence of the statics and the dynamics that the

terminal monomers exhibit faster dynamics than the central ones [29, 30].

More recent Monte Carlo studies also reached the same conclusions [31, 32].

Several issues have been addressed, including the e�ect of pressure on the relation

between the glass-transition temperature and the molecular-weight of equation (2) [10],

antiplasticization [13], the di�usion of small-molecule penetrants in polymers [14], the

very interesting case of the dendrimers and hyperbranched polymers having an ever-

increasing number of chain ends [9, 16, 20, 28], the interfacial dynamics of blends

[11, 12, 21, 33] and thin polymer �lms [15, 22, 27], the di�usion in homopolymers and
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blends [17, 18, 35, 36], the interaction energy between the free-volume and the polymer

units [34], the rheology of food and biopolymers [23].

We present new results drawn by extensive classical molecular-dynamics (MD)

simulations carried out on a melt of unentangled linear chains described by means of

a Lennard-Jones model with �xed bond length, which captures the essential features

of the chain-end inuence. The model has been already extensively investigated over a

wide temperature and pressure range to evidence scaling properties and the mutual role

of the thermal and the density e�ects [47].

We pro�ted from previous studies on the chain length dependence of the

polymer dynamics [29, 30, 31, 32] and structure [39, 40, 41, 42, 43, 44, 45, 46].

As a novel issue we address explicitely the inuence of the CEs free-

volume on both the statics and the structural relaxation to investigate the

microscopic origin of equation (2).

Remarkably, the eÆcient packing of the spherical beads limits the extra

free-volume due to the CEs and gives insight into the sensitivity of the

dynamics to this disorder e�ect. However, in more realistic models the

packing of di�erent polymer sites may be less eÆcient due to the poor

interlocking of possible screening groups [41].

The paper is organized as follows. In section 2 the model and the numericalmethods

are detailed. In section 3 the results are presented and discussed. The conclusions are

summarized in section 4.

2. Numerical Methods

We investigated systems of N linear chains with �xed bond length and M monomers

(beads) each. The (M;N) pairs under investigation were (3; 667), (5; 200), (7; 200),

(10; 200), (15; 220), (22; 300) and (30; 300). The sample is con�ned into a cubic box

with periodic boundary conditions. To handle the boundary conditions, the minimum

image convention is adopted. The interaction between nonbonded monomers occurs via

the Lennard-Jones (LJ) potential

U(r) = 4�
�
(�=r)12 � (�=r)6

�
+ Ucut (3)

The potential is cut o� at rcut = 2:5� and properly shifted by Ucut so as to vanish at

that point and to make it continuous everywhere.

Neighboring monomers in the same chain are constrained to a distance b = 0:97�

by using the RATTLE algorithm [48]. From now on LJ units are adopted with the

Boltzmann constant kB = 1. The samples are equilibrated under Nos�e-Andersen [48]

dynamics at the prescribed temperature and pressure until the average displacement

of the chains' centers of mass is as large as twice the mean end-to-end distance. Data

are collected during production runs in microcanonical conditions, by using a Verlet

algorithm in velocity form. The time step is �t = 2:5 � 10�3. No adjustment of the

temperature, e.g. by rescaling the velocities, was needed during the production run.
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The system is studied at pressure P = 2:0 and temperature T = 1:2. The results

have been averaged over ten independent runs at least.

3. Results and discussion

3.1. Static e�ects

In �gure 1 the dependence of the density on the chain length M is shown. It is �tted

quite well by equation (1). Ve in equation (1) has to be interpreted as the extra free-

volume around one CE with respect to that present around any other segment of the

chain; the best-�t value is Ve = 0:0905 � 0:0002, i.e. about 17 % of the bead volume.

To characterize the structural disorder of the system we resorted to the Voronoi

tessellation [49, 50]. Voronoi tessellation partitions the space into convex polyhedra.

For a molecular system the Voronoi polyhedron is the region of space around an atom

(in our case one bead), such that each point in this region is closer to the atom than

to any other atom of the system. Figure 2 shows how the volume of the Voronoi

polyhedra depends on the position of the bead along the chain. It is clearly seen that

an excess volume is located at the CEs, whereas the polyhedra around all the other

beads have almost identical volume. Excess volume around the CEs was also reported

by atomistic simulations of polymers [35, 49, 50]. The present polymer model points

out that, even if the packing of the beads is expectedly better than the one of more

constrained atomistic structures (see e.g. [35, 49]), additional space is still found around

the chain ends. We also see that exible chains assign the extra free volume to the end

monomers. An increased chain sti�ness, on the other hand, distributes it also across

adjacent monomers [35].

Since the average volume of the Voronoi polyhedra is by de�nition equal to the

volume per particle, we may write

Vinner(M) =
1

�(M)
�

2�V (M)

M
(4)

where Vinner(M) is the average volume of the polyhedra located around the inner

monomers and �V (M) is the excess volume of the polyhedra located around CEs.

By inspecting �gure 2, �V (M) is found to be little dependent on M with average value

�V = 0:0435 � 0:0015. If the M�dependence of �V is neglected and equation (1) is

replaced in equation (4), the latter yields a linear dependence of Vinner on M�1. Indeed,

the plot Vinner vsM
�1 is remarkably linear (see the inset in �gure 2) and the best-�t with

equation (4), setting �V (M) = �V � and assuming (1), yields �V � = 0:0436 � 0:0001.

Note that �V � 6= Ve, i.e. the excess free volume is di�erent from the excess Voronoi

volume. The di�erence is due to the fact that the available free volume around one

tagged bead is also shared with the surrounding ones, and the boundary of the Voronoi

polyhedron centered at the tagged bead cuts that free volume into two regions, one

inside the polyhedron and the other outside. Since the bead volume is nearly constant,

a small variation ÆVfree in the free volume leads to a variation ÆVvoronoi of the Voronoi
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volume which should be slightly less than one half as small: ÆVvoronoi � (1� �)=2 ÆVfree.

The factor � > 0 depends on the detailed geometry and on the ratio between the Voronoi

volume and the bead volume; we �nd � ' 0:04. Purely geometrical procedures in terms

of Delauney tessellation to determine Ve are possible if the excess free volume Ve largely

exceeds the free volume of the other monomers [35]. However, �gure 2 suggests that this

does not occur in the present study due to the good packing, and in this case possible

corrections must also account for the softness of each bead due to the LJ interactions.

Figure 3 shows the radial distribution function gmon(r) of the monomers

without the delta-function contributions due to the bonded nearest-

neighbours of each bead. It is seen that the maximum of gmon(r) decreases

with the chain length. No changes are observed beyond the �rst shell of

nearest-neighbors. This is an interesting feature in that the density increases

with the chain length (see �gure 1) and one expects more short-range order.

A simple argument shows that the decrease of the maximum follows from

the di�erent connectivity of the inner and end beads. Let us neglect the

connectivity of the polymer chain with length M and consider the radial

distribution function gLJ(r) of the Lennard-Jones monoatomic liquid with

the same average density. gLJ(r) is conveniently calculated by using the

Weeks-Chandler-Anderson theory (WCA) [51, 52, 53]. The average number

of nearest-neighbours for the melt of chains with length M is given by:

Nmon(M) = 4��

Z
rmin

0

dr r2 gmon(r) (5)

rmin is the location of the �rst minimum of gmon(r). Let NLJ (M) be the

same quantity for the monoatomic Lennard-Jones liquid with the density

of the melt of chains with length M , i.e. the analogue of equation (5) is

written with gmon(r) being replaced by gLJ(r) which is integrated up to its

�rst minimum. Figure 4 shows that Nmon(M) is virtually linear with 1=M and

has a slope 2:42 whereas NLJ(M), due to the small change of the density of the

polymer melts with di�erent chain lengths, is almost constant, NLJ(M) ' 12.

Nmon(M) has two di�erent terms. One, being ascribed to the inner beads, has

weight (M �2)=M and may be approximated by NLJ(M)�2 due to the missed

contribution to gmon(r) of the two bonded nearest-neighbours. A second

terms with weight 2=M comes from the end beads and is approximated by

NLJ(M) � 1. Overall, Nmon(M) may be approximated by:

~N(M) = NLJ(M) +
2

M
� 2 (6)

~N(M) is compared to Nmon(M) in �gure 4. The deviations do not exceed 15%.

The slope of ~N (M) vs. 1=M is about 2 to be compared with the slope 2:42 of

Nmon(M).

Figure 3 also shows for all the investigated chain lengths the monomer
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static structure factor Smon(q) de�ned by the expression [53]

Smon(q) = 1 + 4��

Z
1

0

[gmon(r) � 1]
sin(qr)

qr
r2 dr (7)

It is seen that when the chain length increases the main peak of Smon(q), Smax,

located at qmax increases as well and shifts at higher q values . The changes

become small at the highest investigated lengths. An approximate relation

has been derived relating Smax, qmax and the width of the main peak �q to

be de�ned as the separation between the two adjacent nodes of [Smon(q)� 1]

embracing qmax [53]:

Smax �=
3qmax

4�q
(1 �

6�2�

q3
max

) (8)

By considering M = 3 and M = 30 one �nds Smax = 2:21 and Smax = 2:24

respectively to be compared with 2:2 and 2:26 from the simulation.

3.2. Relaxation e�ects

To characterize the relaxation dynamics of the density we evaluated the self-part of the

intermediate scattering function:

Fs(q; t) = hexp[iq � (R(t)�R(0))]i (9)

whereR(t) is the position of the monomer at time t and the brackets denote the suitable

average over all the monomers. In �gure 5 Fs(q; t) is plotted at qmax and qmin, which

are respectively the positions of the maximum and of the �rst minimum of Smon(q). At

late times the scattering functions Fs(q; t) exhibit a stretched-exponential decay with

stretching parameters 0:7 . � . 0:75, weakly decreasing with molecular weight. To

characterize the decay of Fs(q; t), we de�ne the structural relaxation time �� and �min

as the area below Fs(qmax; t) and Fs(qmin; t), respectively. The related integrals were

evaluated numerically over the simulated time window. Both the quality of the data

and the limited stretching made the above de�nition reliable.

The plots of �� and �min versus the chain length are shown in �gure 6. They both

increase with the chain length. Being qmin > qmax, �min is more a�ected by very local

relaxation processes than ��. Then, it is not surprising that the former exhibits a weaker

length dependence as it is shown in �g. 6.

The increase of the density-uctuations time scales is consistent with the well-known

increase of the glass transition temperature on increasing the polymer molecular weight,

see equation (2) or the more complex expression provided by the entropy approach [7, 8].

Let us consider the usual Vogel-Fulcher law describing the temperature dependence of

the relaxation times, i.e.

� (T ) = A exp

�
B

T + C � Tg

�
(10)
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where A;B;C are constants. For simplicity, one neglects any molecular-weight

dependence other than the one of Tg as given by equation (2). Far above the glass

transition one �nds

� (M) ' D exp

�
�
E

M

�
(11)

where D;E depend only on the temperature.

Figure 6 shows that equation (11) accounts for the observed trends

of both the structural relaxation time �� and �min with the length of the

chain. However, we are aware that deviations from equation (2) (on which

equation (11) is based) are expected for short chains. Moreover, alternatives

to equation (2) with more complicated M-dependence were found by the

entropy approach [7, 8]. Overall, higher-quality data spanning a wider range

of chain lengths are needed to assess the weight-dependence of the structural

relaxation time.

4. Conclusions

We investigated the e�ects of �nite length of polymeric chains in the melt state by

MD simulation of Lennard-Jones model with �xed bond length. Both static and

relaxation aspects were studied. It is found that under isothermal-isobaric conditions

the density increases with the chain length according to equation (1). The Voronoi

tessellation revealed the extra free-volume which is available around the chain ends.

This extra volume is highly localized within the �rst end monomer. Simple arguments

are given to interpret the main changes of the monomer radial distribution function

and the corresponding static structure factor when the chain length is increased. As

to the relaxation aspects of the density, it is found that the structural relaxation time

increases with the molecular weight, which is interpreted as a signature of the well-known

corresponding increase of the glass transition temperature.
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Figure captions

Figure 1. The dependence of the density on the molecular weight M . The

superimposed curve is the �t with equation (1) with �1 = 0:961 � 0:002 and

Ve = 0:0905� 0:0002.

Figure 2. The average volume of the Voronoi polyhedron around the bead located at

n position along the chain (symmetric positions with respect to the center of the chain

are averaged over: n � M=2). Note the larger volume of the polyhedra surrounding the

CEs (n = 1). The average excess volume is �V = 0:0435�0:0015. Inset: Chain-length

dependence of the Voronoi volume of the inner beads Vinner . The superimposed curve

is equation (4) with �V (M ) = �V �. The best �t value is �V � = 0:0436� 0:0001.

Figure 3. Radial distribution function gmon(r) of the monomers (top) and static

structure factor Smon(q) (bottom) for all the investigated chain lengths. The insets

show a detailed view of the maxima of gmon(r) (top) and Smon(q) (bottom). Symbols

refer to: M = 3 (circles), 5 (squares), 15 (diamonds), 30 (triangles). By increasing

the chain length the maximum of gmon(r) decreases whereas the maximum of Smon(q)

increases and shifts to higher q-values. See text for details.

Figure 4. Chain-length dependence of the number of nearest-neighbours monomers

Nmon(M ) (equation (5)) from MD simulations (�lled circles). The number of nearest-

neighbours atoms NLJ(M ) for the Lennard-Jones monoatomic liquid with the same

density of the polymermelt with chain lengthM is also shown (empty squares) together

with the approximation ~N (M ) (equation (6)) (empty circles). The slopes of Nmon(M )

and ~N(M ) are about 2:4 and 2:0, respectively. See text for details.

Figure 5. Plot of the self-part of the intermediate scattering function Fs at q = qmax

(shaded symbols) and q = qmin (open symbols). Inset: plot of � ln[Fs] at the same

values of q.

Figure 6. Molecular weight dependence of the structural relaxation time �� (circles)

and �min (squares). The superimposed curves are �ts with equation (11); the �t

parameters are D� = 0:70, Dmin = 0:30, E� = 1:08, Emin = 0:87.
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