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Abstract

The paper presents numerical results from extensive MD simulations of the crystallization process

of a single polyethylene chain with N = 500 monomers. The development of the ordered structure

is seen to proceed along different routes involving either the global reorganization of the chain or,

alternatively, well-separated connected nuclei. No dependence on the thermal history was observed

at the late stages of the crystallization. The folding process involves several intermediate ordered

metastable states, in strong analogy with the experiments, and ends up in a well-defined long-lived

lamella with ten stems of approximately equal lenght, arranged into a regular, hexagonal pattern.

This behaviour may be seen as a microscopic manifestation of the Ostwald step rule. Both the

metastable states and the long-lived one are evidenced as the local minima and the global one of

the free-energy landscape ( FEL ), respectively. The study of the microscopic organization of the

lamella evidenced that the two caps are rather flat, i.e. the loops connecting the stems are short.

Interestingly, annealing the chain through the different metastable states leaves the average number

of monomers per loop nearly unchanged. It is also seen that the chain ends, the so-called cilia,

are localized on the surface of the lamella, in agreement with the experiments, and that structural

fluctuations take place on the lamella surface, as noted by recent MonteCarlo simulations. The

study of the melting process evidences that the degree of hysteresis is small.
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I. INTRODUCTION

Folded states of chain-like macromolecules including proteins [1] and crystalline polymers

[2–9] are under current intense study. In spite of the large differences between ho-

mopolymers and proteins, interesting correspondences between the structural

transitions of isolated, single homopolymer chains and the protein folding have been

noted by both numerical simulations [10, 11] and experiments [12, 13] . One key

issue is if the morphologies of folded states are thermodynamically or kinetically controlled.

In proteins the thermodynamic viewpoint is strongly supported by early studies by Pauling

[14] and Anfinsen [15], while the so-called Levinthal’s paradox [16] suggests that folding is

kinetically controlled. Kinetic factors are believed to set the growth rate of polymer crystals

[3, 5] as well as the thickening of folded macromolecules [17, 18]. While this is a safe con-

clusion for long chains ( polymers ), where large entropic barriers hamper the conformation

changes leading to structures which are e.g. partially crystalline, it may be questioned for

shorter chains ( oligomers ) which are less impeded. Relevant to the better understanding

of the crystallization of chain molecules is also the observation of the transient phases that

convert them to more stable forms during the folding process of n-alkanes [19] as well as the

identification of metastable intermediates in the formation and melting of polymer globules

in solution [12, 13]. This behaviour may be seen as a manifestation of the Ostwald step rule

stating that in the course of transformation of an unstable ( or metastable ) state into a

stable one the system does not go directly to the most stable conformation but prefers to

reach intermediate stages having the closest free-energy to the initial state [20].

The crystalline state of polymers is very different from that of other materials because

of the need to arrange in an ordered way a large number of monomers linked to each other

sequentially. This results in a wide range of possible hierarchical morphologies where the

basic unit is the lamella, which is a few hundred Ångstrom thick [3, 5–9]. The backbone

of a single polymer chain, which is several thousand Ångstrom long, is folded inside the

lamella to form the so-called stems; these are perpendicular to the basal surfaces of the

lamella where the foldings are localized [5–7]. Different regimes in polymer crystallization

are known. If impurities or seed nuclei are absent, the primary crystallization starts with

the primary homogeneous nucleation of a critical-size nucleus and is followed by a growing

stage where additional chains add to the nucleus [5] . This leads to lamellar-shaped
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crystals in dilute solutions [2, 3]. If the crystallization takes place in the melt, the lamellae

arrange themeself in supramolecular structures named spherulites. The mutual impinge-

ment of the spherulites sets the late stage of the crystallization which is referred to as

secondary crystallization. Kinetic aspects of the secondary nucleation and crystallization

regimes of polymers are well documented by experiments [2, 3] , theory [5] and simula-

tions [21–25], and are understood in terms of the severe constraints exerted on the growth

process by the interaction between the entangled chains and, additionally, between the im-

pinging supramolecular structures. For oligomers, once-folded or extended conformations of

the chain are observed in the crystallized melts of relatively long monodisperse n- alkanes

( CnH2n+2, 150 ≤ n . 390 ) while up to four foldings per chain were observed in dilute

solutions [4, 17, 26, 27]. The number of foldings increases with supercooling. It is believed

that for multi-chain crystallites the extended conformation of the single chain corresponds to

the global minimum of the free-energy, which may be reached from the original kinetically-

selected minimum via a series of transitions through less and less folded conformations (

each corresponding to different local minima ) if the involved free-energy barriers can be

overcome [17]. Transitions are evidenced by heating solution-grown crystals ( n = 168, 240

[17, 18] ) or melts ( n = 198, 246 [26] ) . Furthermore, aging behavior yielding transitions

from folded to extended states were observed in the melt of n- alkanes by prolonged isother-

mal crystallization at small supercoolings ( 198 ≤ n ≤ 390 [4, 26] ). The primary nucleation

of polymers and oligomers has been investigated in the melt both by experiments [26, 28]

and simulations [29]. Nonetheless, very few groups have challenged the rather problematic

and related issue of the preparation of single-molecule single crystals [30, 31]. Understand-

ing if the primary nucleation is kinetically or thermodinamically controlled is nontrivial.

The difficult characterization of the primary nucleation regime in dilute solutions motivated

several simulations [21–23, 32–39]. For relatively short chains, the primary nucleation of

single-molecule n-alkanes with a number of monomers N = n ≤ 300 were found to end up

in the global minimum of the free-energy , i.e. in thermodynamic equilibrium, at a quench

depth ∆T ≡ Tm − T ∼ 0.2 Tm, where Tm is the melting temperature [21, 22]. However,

the eventual kinetic arrest of the nucleation in one state during the primary nucleation of

longer single-molecules cannot be excluded due to the increasing number of entanglements

and, consequently, larger energy barriers.

The above discussion makes it clear that the polymer crystallization is a realistic process
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to test the possibility of a thermodynamical description of out-of-equilibrium states, which

is under current development in supercooled liquids, spin glasses, and biomaterials [40–50].

The fine-grained description considers the potential energy landscape ( PEL ), i.e. the 3N

dimensional surface describing the dependence of the potential energy on the configurations

of a system with N particles [40, 46]. Alternatively, the coarse-grained description provided

by the free-energy landscape ( FEL ) has been considered for glasses [46–48] the dynam-

ics and the geometry of protein folding [46, 49], the polymer crystallization [21, 22, 51],

clusters [46], the melting of the subsequent cystalline nucleus [38, 39, 52] as well as other

disorder-to-order transitions in isolated homopolymers [53]. Implicit in the adoption of FEL

is the identification of suitable observables, the so-called order parameters, characterizing

the macrostate of the physical system. FEL is a low-dimensional surface compared to the

high-dimensional PEL and is obtained by averaging over all the degrees of freedom for

fixed values of the order parameters [46]. At constant volume, differently from PEL, FEL

is temperature-dependent with an expected richness of minima corresponding to different

packings [47].

The present paper reports on a simulation, carried out by Molecular-Dynamics ( MD )

algorithms, of the primary nucleation of single-molecule n-alkanes with N = 500. Similar

lengths are characteristic of polyethylene ( PE ) ( N & 200 ) more than paraffine waxes (

17 . N . 40 ) [54]. The goal is to understand if the final state is reached by favourable

kinetic paths or is set by the thermodynamics. To this aim the chain length is increased with

respect to previous studies [22] to favour the onset of entanglements and then the presence

of sufficiently high free-energy barriers. Nonetheless, in the range ∆T ≤ 2 ( in reduced

units ) it was found that the chain reaches the global minimum of the FEL, i.e it restores

the equilibrium. The global minimum is reached even if one prepares the chain in the fully

stretched ( all-trans ) conformation and then anneals it is at the lowest temperature under

investigation. Special emphasis is given to the microscopic characterization of the equilib-

rium state. The melting process was also investigated and compared to recent MonteCarlo

studies evidencing the large supercooling and superheating of long chains [38, 39]. The pa-

per is organized as follows. In Sec.II the PE model is outlined. In Sec. III the results are

presented and discussed. The conclusions are summarized in Sec.IV.
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II. NUMERICAL METHODS

The behaviour of a single PE chain with N = 500 monomers in solution has been studied

by means of a united-atom model. The solvent is mimicked by suitable friction and random

forces acting on the monomers. The chain is described as a sequence of beads, where each

bead represents a single methylene CH2 group. No distinction is made between internal

methylene CH2 groups and terminal methyl CH3 groups in order to obtain a slight improve-

ment in efficiency [23]. For long chains this approximation is fair. The local interactions

shaping the chain are defined by the potentials

Ubond(r) = kr(r − r0)
2 (1)

Uangle(θ) = kθ(cos θ − cos θ0)
2 (2)

Utorsion(φ) = k1(1 − cosφ) + k2(1 − cos 2φ)

+ k3(1 − cos 3φ) (3)

Ubond(r) is a harmonic spring potential defined for every couple of adjacent beads, r being

their distance and r0 the equilibrium bond lenght. Uangle(θ) is defined for every triplet of

adjacent beads, θ being the angle between the corresponding bonds and θ0 its equilibrium

value. Finally, Utorsion(φ) is defined for every quadruplet of adjacent beads and φ is the

dihedral angle beween the planes defined by the corresponding three adjacent bonds. Pairs

of beads not interacting by any of the preceding potentials interact by means of a Lennard-

Jones potential

ULJ(r) = 4ǫ

[

(σ

r

)12

−
(σ

r

)6
]

(4)

with a cutoff radius rcut = 2.5σ. The set of parameters of the above force field are taken

from ref. [55] ( see table I ). The force field enforces the local stiffness of the chain yielding

a Kuhn segment length ℓk ∼= 1.2 [2, 3], corresponding to segments with about four beads.

Therefore, the polymer is sketched as a succession of about Nk = 125 rigid segments. The

corresponding time and temperature units are given by t∗ = 2.21 ps and T ∗ = 56.3 K. All

the results will be presented in terms of reduced units. For the set of parameters listed

in table I the single-molecule crystal melts at Tm = 11 ± 0.2 in the limit of vanishing

heating rate [22, 55]. This value is exceedingly high and calls for refinements of the

force field. However, since we are interested in studies carried out by the same
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force field [21–23, 55], these adjustments are beyond the present purposes. By

the way, similar problems were also noted in other studies on PE single-chain

crystals which exhibited global orientational order already at 550K by using the

DREIDING potential [34].

The dynamics is described by the Langevin equation

r̈i = −∇i U − Γṙi −Wi (5)

where ri denotes the position vector of the i-th bead, ∇i U is the sum the internal forces

acting on it, Γṙi is the frictional force and Wi is a gaussian noise:

〈Wi(t) · Wj(t
′)〉 = 6ΓkTδijδ(t− t′) (6)

The friction and the random forces account for the solvent and set the temperature via the

proper fluctuation-dissipation theorem. Eq.5 is integrated by means of the velocity Verlet

algorithm with time step ∆t = 0.001 [56, 57].

The runs are performed according to the following protocol: seventeen random chain

conformations are initially equilibrated at Teq = 15 for at least ten times the time needed for

the self correlation function of the end-to-end vector to vanish. The equilibrated chain does

not exhibit any local orientational order ( see Sec.IIIA for details ). The final temperature

Tf is reached via different thermal histories: i) instantaneous direct quenches Teq → Tf , ii)

instantaneous quenches with intermediate annealing at Tann, Teq → Tann → Tf . Annealing

times were 3 × 104 at Tann = 9, 10 and 6 × 104 at Tann = 11. The overall scheme of the

thermal paths is summarized in Fig. 1. The total number of direct quenches ( 17 ) and

quenches with intermediate annealing leading to one specific Tf was 28. Memory effects

were also investigated by preparing a sample in the “all-trans” fully-extended conformation

and isothermally annealing it at T = 9. Having reached Tf , data were collected during

evolution times of 3 × 104 at T = 9, 10 and 6 × 104 at T = 11. The all-trans conformation

was monitored after the initial preparation for 3 × 104 time units.

In order to evaluate the Landau free energy F (X) = −kT ln Z(T,X) of a macroscopic

state being characterized by the order parameter X at temperature T leading to a partition

function Z(T,X), one relates the latter to the probability P (X) to find the observable with

value X via [58]
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P (T,X) = Z(T,X)/Z(T ) (7)

and Z(T ) is the partition function. Then, up to an additive constant c(T ) depending on the

temperature F (X) is given by [38, 39, 59]

F (X) = −kT ln P (T,X) + c(T ) (8)

Since only the shape of F (X) is of interest here, the constant c(T ) will be neglected hence-

forth.

III. RESULTS AND DISCUSSION

Results on the crystallization process after quenches below the melting temperature Tm =

11± 0.2 are first presented in Sec. IIIA. The long-time properties of the chains at different

quench depths ∆T = Tm−T are characterized in Sec. III B and Sec.IIIC. The chain melting

is discussed in Sec. IIID.

A. The crystallization process

1. Kinetics

The kinetics of the crystallization process is nontrivial and depends on the chain con-

formation. Fig. 2 shows some representative snapshots evidencing that the chain gathers

relatively long straight sections ( the so-called stems ) to form the overall ordered structure.

The nucleation may involve either the whole chain or separate portions merging at later

times by reeling in their connector. The latter process has been already noted for much

longer chains ( N = 2000 )[22, 55]. Fig. 2 shows that it also occurs in shorter chains.

In principle, owing to the different scenarios of the nucleation, the kinetic arrest in dif-

ferent states cannot be ruled out . Tracking the amount of alignment between different

sections of the chain by means of suitable order parameters is of help in order to assess that

hypothesis. To this aim, one defines

bi =
ri+1 − ri−1

|ri+1 − ri−1|
(9)
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bi is thus a unit vector locally aligned with the chain backbone. The order parameter is

defined as [23]

S = 〈P2(bi · bj)〉i>j (10)

where P2(x) denotes the second Legendre polynomial in the variable x and the average is

computed for all the pairs of inner monomers . Fully disordered and ordered states yield

S = 0 and S = 1, respectively.

Fig. 3 ( top) shows the time evolution of the order parameter S of the chain for all

the investigated thermal histories leading to Tf = 9. Direct quenches from Teq = 15 and

quenches after the annealing at Tann = 10 exhibit at short times ( t . 5) the pre-quench

order parameters 〈S〉Teq
= (1.31±0.03)×10−2, 〈S〉Tann

= (3.4±0.18)×10−1, respectively. For

the all-trans initial conformation S drops from the unit value. Note that the spread of the

curves is much larger at intermediate times than immediately after the quench evidencing

that the crystallization paths may be somewhat different from each other [60]. Nonetheless,

at long times the paths become closer and , after a transient period of about 2 × 104

time units, indipendently of the thermal history, the chain exhibits the order parameter

〈S〉T=9 = (5.10±0.18)×10−1, i.e. at long times the time average of a single history coincides

within the errors with the ensemble average over all the different histories. Henceforth, the

chain conformations at Tf = 9 after the transient period will be referred to as belonging

to the crystalline final state . Fig. 4 shows one conformation of the final state. It is a

well-defined lamella with two small-sized caps where the loops connecting the stems are

localized. The stems have approximately equal length. In Sec.III B it will be seen that they

are arranged into a regular, hexagonal pattern and their number µ is well defined ( µ = 10

), i.e. the general features of the final state are largely independent of the thermal history.

In fact, Fig. 3 shows that the order-parameter distributions PS for the final states of all

the thermal histories are quite similar within the statistical errors. PS peaks at S ∼ 0.52

evidencing considerable chain order. The distribution is skewed to the low S-values. This is

ascribed to the disorder localized in the two crystal caps as well as in the crystal surface (

see Sec. III B ).

To characterize the different kinetic pathways leading to the final crystal

state the inertia tensor of the conformations was considered. The principal axes

{1, 2, 3} are ordered according to the magnitude of the corresponding eigenvalue

which are labelled as I1, I2 and I3, I1 being the largest one. Fig.5 ( top panel
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) plots the time -dependence of I1 of both selected quenches at T = 9 and the

isothermal annealing of the initially fully-extended conformation at the same

temperature. The plot gives insight into the typical structural changes leading

to the final crystal state. It is seen that the changes occur as fast transitions

in about few hundreds of time units between states with different, discrete I1

values. Such states are identified by visual inspection as ordered conformations

with different number of stems. At long times all the pathways converge to a

single state with I1 ∼= 104, i.e. the final state with a number of stems µ = 10.

The time -dependence of I1 evidences transitions with changes of the number of

stems ∆µ = ±1,−2 and even a quasi-transition with ∆µ = −4, i.e. two transitions

with ∆µ = −2 being very close to each other. Transitions with ∆µ = ±1 involve

stems terminated by one of the two chain ends. Transitions with ∆µ = −2

involve stems built by inner portions of the chain. Transitions with ∆µ = +2

were not observed. Notice that the approach to the final state ( µ = 10 ) is not

monotonous, e.g. in Fig.5 a transition is seen from one state with µ = 11 to one

with µ = 9. Fig.5 ( middle panel) shows selected snapshots of one transition with

∆µ = −1 involving a chain end ( transitions with ∆µ = +1 are quite analogous to

the same sequence in reverse time order ). Fig.5 ( bottom panel) shows selected

snapshots of one transition with ∆µ = −2. It is interesting to note that the

stems disappearing (or being created ) during the transitions are always seen to

be located on the crystal surface.

2. Free-energy landscape

Fig. 6 shows the free-energy landscape ( FEL ) at T = 9, 10, 11 as a function of the

largest moment of inertia of the chain I1. At T = 11 a single minimum is observed at

I1 = I∗1 ∼ 4900. Later, it will be shown that at that temperature the chain is spending

most time as a random coil ( see Sec. IIID ). On decreasing the temperature and entering

the supercooled regime at T = 10 the minimum at I∗1 disappears and a series of shallow

minima is observed at higher I1 values ( I1 & 5500 ) . They correspond to the formation

of metastable crystal structures with different number of stems µ ( see Sec. IIIC ). The

direct inspection of the dynamical behaviour of the chain at T = 10 shows that a continuous
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interconversion between the metastable structures occurs with no well-defined single final

state. At T = 9 the FEL exhibits a richer structure with several minima. A well-defined

global minimum is apparent corresponding to the final state with µ = 10 ( see Sec. III B

). It is also seen that lowering the temperature allows the appearance of new metastable

ordered states which, as at T = 10, may be labeled by the number of stems. The comparison

with the FEL of shorter chains at T = 9 [21, 22] shows that the number of metastable states

increases with the chain length. The presence of metastable and long-lived crystalline forms

is supported by a number of experimental facts, e.g. the observation of the transient phases

that convert to more stable forms during the folding process [19] and the demonstration of

stable folded structures for long alkanes, N & 150, [3–5, 26].

B. The crystalline final state

1. Moments of inertia.

In order to get a deeper understanding of the structure of the crystallized chains, the

inertia tensor of the conformations in the final state at T = 9 was analyzed. Fig. 7 plots

the distributions of the three eigenvalues I1, I2 and I3 for all the thermal histories. The

average values over all the thermal hystories are 〈I1〉 = 10097 ± 58, 〈I2〉 = 9885 ± 51,

〈I3〉 = 1148 ± 11. Since 〈I1〉 & 〈I2〉 ≫ 〈I3〉, the ellipsoid of inertia of the crystal exhibits

approximate cylindrical symmetry around the 3 axis, as it may be seen by visual inspection

(see Figs. 2, 4). Fig. 7 shows that the shape of the distributions for the largest eigenvalues

P1 and P2 is nearly symmetric with small width whereas the distribution for the smallest

eigenvalue P3 is rather asymmetric, larger and skewed to higher I3 values. The skewness

must be ascribed to the structural changes occurring on the crystal surface ( see below ).

2. Longitudinal monomer distribution: small caps

In order to analyze the crystal structure one defines the monomer distribution function

ρ(r) as

ρ(r) =
1

N

N
∑

i=1

〈

δ(r − r
(cm)
i )

〉

(11)
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where r
(cm)
i is the position of the i-th bead with respect to the center of mass of the chain

and the brackets denote a suitable average. In particular, one defines the quantity

N||(x
3) = N d×

∫

ρ(x1, x2, x3) dx1dx2 (12)

where d ≡ r0 sin
(

θ0

2

)

≃ 0.31 is the distance along the chain backbone between two adjacent

beads of the fully-extended chain and xk is the projection of r along the k−th principal

axis. The quantity N||(z) denotes the number of intersections of the chain with the plane at

x3 = z, namely a plan perpendicular to the approximate cylindrical symmetry x3 axis. Fig.

8 plots the quantity N||(z) in the final crystalline state at T = 9 for all the thermal histories.

It is apparent that the dependence of N||(z) on the thermal history is negligible. A fortiori,

this holds true for the number of stems µ = N||(0) = 10, corresponding to the conformation

yielding the global minimum of the free-energy ( fig. 6 ). Three different regions are seen in

Fig. 8:

• the central region, |z| . Lc/2 with Lc = 8, where N|| ≃ 10;

• the transition region, Lc/2 . |z| . Lc/2+2 where the average orientation of the stems

departs from the one of the x3 axis;

• the end region, |z| & Lc/2 + 2, where the stems join each other by forming loops.

Fig. 8 shows that the shape of N||(z) is very close to the ideal one corresponding to ten

parallel, all-trans stems of fifty monomers each. The comparison makes it more apparent

both the order in the final state and the small size of the two crystal caps. In fact, the

longitudinal size of the loops, ∆z ∼ 3, is fairly smaller than the crystal length 2Lc = 16 .

Notice that, since I3 ≪ I⊥ with I⊥ = (I1 + I2)/2 ≃ 9990, the folded chain may be sketched

as a rigid rod with lenght 2L, mass N and negligible thickness. The approximation yields

L =
√

3I⊥/N ≃ 7.74, to be compared with Lc ∼ 8, as drawn from Fig. 8.

Both previous experimental [4] and numerical [36] works pointed out the sharpness of

the loops connecting the different stems and motivated a recent model of the FEL global

minimum of the single-molecule polymer crystals [37].
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3. Transverse monomer distribution: surface mobility

In order to study the monomer distribution in planes perpendicular to the x3 axis one

defines

ρ⊥,centr(x⊥) =

∫ Lc/2

−Lc/2

ρ(x⊥, z) dz (13)

ρ⊥,trans(x⊥) =

∫ Lc/2+2

Lc/2

[ρ(x⊥, z) + ρ(x⊥,−z)] dz (14)

ρ⊥,term(x⊥) =

∫ ∞

Lc/2+2

[ρ(x⊥, z) + ρ(x⊥,−z)] dz (15)

where x⊥ = x11 + x22 denotes the position vector in the transverse plane. ρ⊥,centr(x⊥),

ρ⊥,trans(x⊥) and ρ⊥,term(x⊥) are the transverse monomer distributions in the central, tran-

sition and end regions, respectively. Fig. 9 shows the tomography of the crystal structure.

First, the crystal structure achieved after one particular thermal history ( left panels ) is

compared with the average of all the investigated thermal histories ( right panels ). Data are

collected during a lapse of time of about 5 × 103 time units. The absence of any significant

difference is apparent and proves once again the absence of any memory effect, namely that

at T = 9 the final crystalline state corresponds to the global minimum of the free-energy

which is seen in Fig. 6. The tomography evidences several features of the crystal structure.

The ten stems of the crystalline nucleus arrange themselves into an hexagonal structure (

top plots ). Noticeably, there is virtually no order on the crystal surface. Moving to the

caps of the crystal structure the amount of order decreases. The transition region ( center

plots ) still retains a partially ordered structure, visible in the two central stems, whereas

the remaining eight external stems become more mobile. In the end regions ( bottom plots),

where the loops connecting the stems are located, any ordered structure is lost. It must

be pointed out that the absence of order on the crystal surface and the two caps is due

to the mobility of the chain in that regions, as it may be appreciated in the left plots of

Fig. 9, which monitor the monomer transverse distribution for a single chain over a finite

time interval. The presence of a disordered “corona” surrounding the ordered fraction of

the nucleus has been noted by MonteCarlo simulations [38]. In the present case the direct

inspection of several snapshots shows that the crystal surface is highly mobile and includes

the chain ends which are excluded from the crystal interior. The confinement of the end
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groups on the surface avoids the impairment of lattice perfection and agrees with previous

experimental findings [4].

It is worthwhile to appreciate the role of the mobile fraction of monomers of the crystalline

final structure at T = 9. In thermodynamic equilibrium, fixed-volume systems minimize the

Helmholtz free-energy F . Correspondingly, the state point moves between several potential-

energy minima ( the mechanical equilibrium states ) in a region of PEL determined by the

temperature. When the temperature decreases, the state point spends more time in the

deeper, rarer minima of PEL. If crystallization occurs, the state point becomes localized in

the global minimum of PEL. The global minimum is usually not degenerate and the shape

of the corresponding minimum of F stems from vibrational dynamics providing suitable

contributions to both the internal energy and the entropy. In the present case the region

of PEL where the state point localizes at T = 9 is highly degenerate due to the different

surface configurations of the crystallized chain. Thus, the configurational contributions to

F are not negligible even in the crystalline state.

The results discussed in the present Section allow one to conclude that in the final crys-

talline state at T = 9 the chain packs into ten stems, of approximately equal lenght, arranged

into a regular pattern with hexagonal symmetry. The ordered structure cannot include all

the beads because of the chain connectivity and of the local potentials, which e.g. generi-

cally do not allow a regular packing of chain bendings. The disorder is expelled into the two

caps and on the surface, where the structural fluctuations take place. Remarkably, the end

regions where the loops connecting the stems are located have small size ( see figs. 4 and 8).

C. The crystalline metastable states

Fig. 2 presents some representative snapshots showing that the chain, after the quench

at T = 9, undergoes large conformation changes in order to reach the crystalline final state.

The FEL structure at T = 9 , Fig. 6, elucidates the state evolution starting at some point

characterized by a certain I1 value, going through a number of transient ordered phases with

well-defined number of stems, and ending in the global minimum. n- alkanes are known to

have intermediate metastable forms on the path to the final crystalline state [19].

For the different metastable crystalline states at T = 9, evidenced by the minima of FEL

( Fig. 6 ), Fig. 10 shows the number of intersections of the chain N||(z) with the plane
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at x3 = z, perpendicular to the approximate cylindrical symmetry x3 axis. The flatness of

N||(z) shows that the central sections of the metastable structure are well ordered. It is also

apparent that the monomer distribution in the end sections does not depend in a marked

way on the number of stems µ = N||(0). To be more quantitative, we consider the crystalline

fraction φcry of a crystal with µ stems. φcry is estimated by the ratio

φcry =

∫ z2
max

z1
max

N||(z)dz
∫ ∞

−∞
N||(z)dz

(16)

where z1
max and z2

max are the points where N||(z) reaches the maximum values, see Fig. 10.

Obviously, the amount of crystalline order in a single-molecule crystal may be

defined in alternative ways, e.g. in terms of bunches of orientationally ordered

trans segments, ”trans domains” [34]. However, we found that the definition

eq.16 is quite fruitful to our purposes. In fact, let us assume that an average number

of Kuhn segments λ is located in each of the µ − 1 loops connecting the stems. Then, the

crystalline fraction is given by

φcry = 1 − (µ− 1)
λ

Nk
. (17)

The inset of Fig. 10 shows the best-fit of φcry from eq.16 with eq.17 having adjusted λ.

It proves that the number of monomers forming the loops do not change appreciably from

one transient structure to the other. At the highest number of stems ( shortest crystal

longitudinal size ) eq.17 overestimates φcry suggesting that the disorder of the end sections

affects the ordered part more effectively ( or, alternatively, that λ increases).

As further test of the negligible changes of λ with µ we note that the number of Kuhn

segments per stem m is expressed as m = (z2
max−z

1
max)/ℓk. On the other hand, if λ is nearly

constant

m∗ =
Nk − λ (µ− 1)

µ
(18)

Table II compares m with m∗ as taken from Eq.18 with λ = 4.
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D. Melting

The equilibrium melting temperature T
(eq)
m is, by definition [39], the temperature where

the free-energies of the ordered and the disordered states are equal. An estimate is given

by melting the crystal in the limit of vanishing heating rates. By following that method the

single-molecule crystal was found to melt at Tm = 11± 0.2 for the force-field in use [22, 55].

The FEL ( fig. 6 ) shows that 10 < T
(eq)
m < 11 since the ordered states ( I1 & 5500 )

have higher ( lower ) F values at T = 11 ( T = 10 ) than the disordered one ( I1 ∼ 5000

). Noticeably, at T = 10 the crystal is not stable but it undergoes frequent interconversions

between different ordered structures as signaled by the shallow minima of the FEL and

visual inspection of the snapshots ( data not shown ).

Both the single minimum of F corresponding to the disordered state at T = 11 and the

small barrier heights at T = 10 suggest the negligible superheating of the crystal. To clarify

the point, T = 11 was reached by: i) instantaneously quenching three equilibrated config-

urations at T = 15 and ii) instantaneously heating three configurations of the crystalline

final state at T = 9. Fig. 11 shows the subsequent temporal changes of the order parameter

S. After the sudden heating, the melting of the crystal is signaled by the large drop in the

order parameter S and exhibits large fluctuations at long times. Similar fluctuations are

also observed for the quenched configurations. The inspection of several snapshots suggests

that the long-time behaviour at T = 11 is independent of the thermal history. Fig. 11

shows the fluctuations of the order parameter for one selected thermal history at long times

and the corresponding chain conformations. It is seen that the large fluctuations are due

to infrequent attempts to crystallize of the chain. This behaviour, leading to large energy

fluctuations ( not shown ), is a consequence of the proximity of T
(eq)
m to T = 11 [38, 39]. The

FEL at T = 11 shows that thermal fluctuations of about 3kT are needed for ordering the

structure, i.e. for increasing I1 from about 5 · 103 to about 104. To characterize the process,

the waiting-time distribution ψ(t) between two successive crystallization attempts was eval-

uated. An attempt is defined as an event with average order parameter S̄ > Streshold = 0.12

over 50 time units. The waiting-time distribution is found to be roughly exponential ( Fig.

12 ), suggesting that the attempts are independent events.

The results discussed in this section provide upper limits for the degree of superheat-

ing/supercooling of the present PE model. One defines ε = (T ∗
m − T ∗

f )/T ∗
f ≥ 0, T ∗

m and T ∗
f
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being the melting temperature on heating and the freezing temperature on cooling, respec-

tively. Being 10 < T ∗
m, T

∗
f < 11, it is found ε < 0.1. i.e. small hysteresis.

The melting of crystalline polymers has been recently studied by MonteCarlo simulations

[38, 39, 52]. In particular, the superheating of the single crystals, as well as the supercooling

of the disordered state, have been noted for single chains with a number of monomers

N & 100 resulting in large hysteresis and dependence on the thermal history [38, 39].

To proceed with a comparison with the present results some remarks must be done. The

MonteCarlo simulations sketch the polymer as a fully flexible linear chain ofN rigid segments

[38, 39]. It is natural to identify that segments with the Kuhn segments. As noted in Sec.II

) the number of Kuhn segment of the present PE model is about Nk = 125. For N ∼= 125

the results of refs. [38, 39] yield ε ∼= 0.1 in good agreement with the present ones.

IV. CONCLUSIONS

The paper presented numerical results from extensive MD simulations of the crystal-

lization process of a single PE chain with N = 500 monomers. The chain, after suitable

equilibration at high temperature is cooled at the final temperature Tf by quenches involv-

ing or not intermediate annealing steps at Tann. In addition, it is also isothermally annealed

at Tf after initial preparation in the fully-stretched “all-trans” configuration. At Tf = 11

the chain remains amorphous for most time with occasional attempts to crystallize. For

Tf < 11 the development of the ordered structure proceeds along different routes involving

either the global reorganization of the chain or, alternatively, well-separated connected nu-

clei. The latter process was previously observed only for much longer chains. Differently

from the early crystallization stages, no dependence on the thermal history was observed at

late stages. At Tf = 10 the chain does not reach a single stationary state but continuously

converts between different ordered configurations to be described elsewhere [60]. At Tf = 9

the folding process of the chain involves several intermediate ordered metastable states in

strong analogy with the experiments on n-alkanes [19] which finally yields a well-defined

long-lived lamella with ten stems of approximately equal lenght, arranged into a regular,

hexagonal pattern. We take the evidence of metastable intermediate states as a microscopic

manifestation of the Ostwald step rule stating that in the course of transformation of an

unstable ( or metastable ) state into a stable one the system does not go directly to the most
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stable conformation but prefers to reach intermediate stages having the closest free-energy

to the initial state [20]. Both the metastable states and the long-lived one are well evidenced

as local and global minima of the free-energy landscape ( FEL ), respectively.

The characterization of the microscopic organization of the lamella evidenced that the

two caps are rather flat, i.e. the loops connecting the stems are short, a conclusions which

may be also drawn from other experimental [4] and numerical studies [36]. Interestingly,

annealing the chain through the different metastable states leaves the average number of

Kuhn segments per loop λ nearly unchanged. It is also seen that the chain ends, the so-

called cilia, are localized on the surface of the lamella, in agreement with the experiments

[4], and that structural fluctuations take place on the lamella surface, as noted by recent

MonteCarlo simulations [38]. This shows that the global minimum of FEL corresponds to a

set of microscopic states with the same crystalline core and different surface configurations

of the cilia and the two caps. The findings will be of help to improve a recent analytic model

of the global minimum of the FEL [37].

Finally, the study of the melting process evidenced that the degree of hysteresis is small, in

agreement with other MonteCarlo studies. Furthermore, at temperatures a little bit higher

than the freezing one, independent attempts to crystallize the chain has been observed.
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Tables

TABLE I: Parameters of the force field.

Parameter
Value

reduced units SI units

ǫ 1 0.112 kcal/mol

σ 1 4.04 Å

m 1 14.03 g/mol

Γ 1 0.455 Hz/mol

kr 51005 350 kcal/mol Å2

r0 0.38 1.53 Å

kθ 535.71 60 kcal/mol

θ0 109◦ 109◦

k1 26.96 3.02 kcal/mol

k2 -5 -0.56 kcal/mol

k3 23.04 2.58 kcal/mol

TABLE II: Test of Eq.18 with λ = 4

µ m m∗

7 14.0 14.43

8 12.2 12.12

9 10.25 10.33

10 8.75 8.9

11 7.5 7.73

12 6.25 6.75

13 5.0 5.92



Figure captions

FIG. 1: Thermal histories leading to the final temperature Tf . Downward arrows on the left side

of the figure denote the direct quenches from Teq = 15 to Tf . Arrows on the right side denote the

heating/cooling steps to reach Tf after the annealing period at Tann.

FIG. 2: Wire-frame snapshots of the crystallization of a single polyethylene chain with N = 500

monomers for two different initial states: chain equilibrated at Teq = 15 and quenched at Tf = 9

(top); chain initially in the fully-stretched configuration (all-trans) and isothermally annealed at

T = 9 (bottom). For the latter case note the presence of initial distinct nucleation sites merging

at later times.

FIG. 3: Top: time evolution of the order parameter S ( eq.10) for all the investigated thermal

histories leading to Tf = 9 (top): direct quenches from Teq = 15 (dotted lines ) and quenches after

annealing at Tann = 10 (solid lines). The thicker lines are the average order parameter for each

set of curves. The dot-dashed line refers to the chain initially in the fully-stretched configuration

and then annealed at T = 9. Bottom: order-parameter distributions PS (dotted lines) for all

the thermal histories. The solid line is the average distribution. For a given history PS was

evaluated by counting and partitioning in a suitable histogram the conformations, each

labelled by its S value, assumed by the chain for times such that 2× 104 < t < 3× 104.

FIG. 4: Wire-frame view of one conformation of the single-molecule crystal in the final state at

T = 9. Note the short loops connecting the stems.



FIG. 5: Kinetic pathways of the crystal formation. Top: Pathways of selected thermal

histories leading to the final crystal state as characterized by the time dependence of

the largest eigenvalue of the inertia tensor I1. The time starts 102 time units after

either the quench at T = 9 or, for the ”all-trans” curve, the beginning of the isothermal

annealing of the fully-extended conformation at T = 9. The horizontal dashed lines

mark the I1 values corresponding to crystal structures with a number of stems equal

to ( from the top to the bottom ) 9, 10, 11, 12, 13, 14. The inset is a magnification of two

transitions involving the disappearance of either one ( T1 ) or two stems ( T2 ). Middle:

Snapshots of the molecular conformations during the T1 transition occurring at times

8200 (A), 8420 (B),8450 (C),8600 (D) being marked by dots in the top panel. The

cartoons below the wire-frame view sketch the rearrangements of the thick portion

of the chain end involved in the transition. Bottom: Snapshots of the molecular

conformations during the T2 transition occurring at times 14800 (E), 14900 (F),15000

(G),15200 (H). The cartoons below the wire-frame view sketch the rearrangements

of the thick portion of the chain involved in the transition. Notice that the stems

disappearing in both the T1 and T2 transitions are located on the crystal surface.

FIG. 6: The free-energy landscape ( FEL ) at T = 9, 10, 11 as a function of the largest moment

of inertia of the chain I1. The labels indicate the number of stems µ of the ordered structures

corresponding to the minima.

FIG. 7: The distributions of the moments of inertia along the transverse x1, x2 (top) and the

longitudinal x3 (bottom) axes in the final state at T = 9( see Fig. 4) . The dotted lines refer

to the different thermal histories . The solid lines are the averages. For a given history the

distributions were evaluated by counting and partitioning in a suitable histogram the

conformations, each labelled by the triad of moments of inertia, assumed by the chain

for times such that 2 × 104 < t < 3 × 104.



FIG. 8: The number of intersections of the chain with the plane at x3 = z, N||(z), in the final

crystalline state at T = 9. The plane is perpendicular to the approximate cylindrical symmetry

axis x3. The different curves refer to all the thermal histories ending at T = 9. The dashed line is

the distribution corresponding to the ideal case of ten parallel and fully extended stems with fifty

monomers each. The number of stems µ is equal to N||(0) = 10. Note the steep decrease at the

end region evidencing the small size of the loops connecting the stems.

FIG. 9: Tomography of the crystal final state. The transverse distributions ρ⊥,centr (top), ρ⊥,trans

(center) and ρ⊥,term (bottom) ( Eqs. 13-15), for one particular thermal history, i.e. a direct quench

from T = 15, (left panels) and averaged over all the thermal histories (right panels). Note: i) the

independence of the tomography on the thermal history, ii) the absence of ordered structures on

the crystal surface and the two caps.

FIG. 10: The number of intersections of the chain with the plane at x3 = z, N||(z), for the different

metastable crystalline states at T = 9 evidenced by the minima of FEL ( Fig. 6 ). The number

of stems µ = N||(0) is in the range 7 < µ < 13. The crystal with µ = 10 stems corresponds to

the final equilibrated state. Inset: The crystalline fraction φcry (eq.16) vs. the number of stems µ.

The superimposed line is eq.17 with λ = 4.0 ± 0.1.

FIG. 11: Top: time evolution of the order parameter S for different thermal histories ending at

T = 11 (top); the dotted lines refer to quenches from T = 15, the solid lines to reheating from the

crystalline final state at T = 9. The thick lines represent the average of the corresponding group

of curves. Bottom: Fluctuations of the order parameter for one selected thermal history at long

times. For some selected S values the corresponding chain conformations are shown.

FIG. 12: Waiting-time distribution of the crystallization attempts at T = 11 (see text for details).

The solid line is a fit with an exponential decay with time constant τ = 805 ± 5.
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