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We develop a parametrization of finite size scaling appropriate to the description of N-component systems in the context of the
1/N expansion. We apply this formalism to the case of two-dimensional O{¥) models and obtain the finite size scaling function
of the susceptibility both numerically in the whole scaling region and analytically in the perturbative regime.

In recent years finite size scaling has become an increasingly important tool in the theoretical and numerical
analysis of critical systems and lattice field theories [1]. To the best of our knowledge, however, despite the
impressive theoretical development in this field, no explicit extension (and therefore no concrete application )
of this formalism has been made in the context of 1/ expandable models,

These models are a typical testing ground of field-theoretical ideas, and especially of new numerical simula-
tion algorithms, which must unaveidably face the problem of working with finite size systems and understand-
ing finite size effects. Having recently made some progress in the evaluation of 1 /N corrections for a two-dimen-
sional spin model {(O({N) sigma model}, we decided to explore its finite lattice properties and were eventually
led to introducing the formalism we are going to explain in this letter.

The comparison between theoretical analysis and numerical computation appears to be quite satisfactory and
leads to the conclusion that i/ expanded finite size scaling should prove to be a rather useful teol in the
numerical analysis of lattice spin systems.

We shall explicitly discuss the finite size scaling relations from the point of view of the 1/ expansion, and
obtain the 1 /N expanded finite size relationships whose range of numerical applicability we want to explore.

Let us try to be rather general as far as possible. Any coordinate-independent physical quantity (like masses,
susceptibilities, vacuum expectation values of composite operators ) defined in the context of 2 1/N expandable
finite lattice model will in general depend on four different parameters:

Q=0(T,a,L, N}, (1)

where T is the temperature, L7 is the physical volume in 4 dimensions and « is the lattice spacing (i.e. the
number of lattice sites is (L/a)}“). In the infinite volume limit, in the presence of a critical point we can define
a critical region, in which all separate dependence on T and « can be made to disappear by parametrizing every-
thing in terms of the physical correlation length {inverse mass gap)

Foca exp(f %), (2)

where §(¢) is the renormalization group beta function of the model and &/@—o0 when T—T..

The finite size scaling relation stems from the observation that the infinite volume limit (L/a@—o0) can be
reached by simultaneously moving towards the infinite correlation limit and keeping constant the ratio L/&
This corresponds to considering the physical system at criticality enclosed in a finite physical volume. By purely
dimensional considerations, L and & being both renormalization group invariant quantities, we should get
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Q(T,a,L,N)
Q(Tz a, OO,N) T—Tc

L/&=const.

fYO(L/E NY, (3)

where f ¢9? is the finite size scaling function of the quantity Q, and f(Q)—1 when L/&—co.
Consider now the implications of the 1/~ expandability on eq. (3). Since we shall only focus on the first non-
trivial order of the expansion, we can reexpress eq. (3) in the form

e T ({02124 (NI O L) . (@)

L/&=const.

where, with obvious notation, we have 1/N expanded both the physical quantity and its finite size scaling function.
However we must keep in mind that L2/&%=L2m? itself is a 1 /N expandable physical quantity:

mP=mE(NT)+(1/Nym}3(NT}+..., (5)
and by substituting eq. {5) in the expansion of f'we get

QO(NT,a’L) +L(Q1(NT:Q’L) QO(NT:a;L)Ql(NTaa,w)
Oo(NT,a,00) = N\Qy(NT,a,00) [Qo(NT, @, o0)]?

[ (mFNTIL?) + (1/NY £ (mE(NT)Lym3(NT)L2+ (1/N)F {9 (mg(NT)L*) +O(1/N?*)  (6)

)+O(1/N2)

and by comparison

Qu(NT,a, L)
Oo(NT, a, 00)
0/(NT,a,L) Q{NT.a,00) [H(m}(NT)L?)
Qo(NT,a, L) ~ Qo(NT,a,00) _ [§P(my(NT)L?)

=f {2 (m§(NT)L?), (7a)

fi9(mG(NT)L?)
[ (mE(NT)L?)

m2(NT)L2+

(7b)

Eq. (7b) is obtained by making use of eq. (7a) in eq. (6) and is the most general form of the 1/N expanded
finite size scaling relation.

In order to further develop our formalism, we shall restrict our attention on the two-dimensional O{ V) non-
linear sigma model (see ref. [2] and references therein), defined by the action

1
=fz(1_SX'Sx+,u)= 5.85.=1. (8)
X

Preliminary to all developments is a thorough investigation of the large-N finite size scaling function for the
mass gap. In order to extract this function, it si convenient to analyze the finite and infinite lattice representation
of the gap equation. In the infinite-volume limit and close to the critical point T.=0 we have

1 szp 1 1 32

NT— (2r)2p*+m? 1. 4n nazmé ’ )
where p?=(4/a*)Z sin*(ap,/2), implying
32 4
We can however introduce the finite-volume mass
mi=m}(NT, L) (11)
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defined by the discrete sum

i 1

NT L22 Ttmi (12)

where the sum over p runs on all the modes of the reciprocal lattice. :
This representation is suitable for a finite volume weak coupling (small mass) expansion 2 la Flyvbjerg [3]:

_lm — rl_ 1 f“ Z ( 1 )n m_‘z'- " 13)
NT_m%LZ _n:Ip;eO - ﬁz . (
It is not too difficult to prove the following asymptotic behaviour:
1 L? L? z2 1
L e g o)) 09

where z,=4.163948... and

1
S
p§0 (5* )"
In the n—co lifnit we can evaluate

4 1 nn?
dMNW(1+?), €,l~‘-j“. (17)

1 1 o 1
(L_)] =TT e (D (15, 16)

(rmy,m2) (G0}

We would like to notice that the quantity z. defined in eq. (14) is directly related to the constant S, defined in
ref. [4] through z, =25, More generally, all the coefficients ¢, do not depend on the detailed structure of the
lattice action and therefore lead to a universal definition of the scaling function, related only to the topology and
the number of finite space dimensions in the physical system.

A finite size renormalization group invariant variable can now be defined by z=m, L and the large-N finite
size scaling equation can be expressed in the form

(m‘)L)Z AL ze 2 2y 37 S n( 2y
3 T NT lna o —ln32 +w(z9), co(z)_z2 +4nn§1(—1) (z22}d,y ) . (18)

Comparing with eq. (7a) we can now identify the finite size scaling function

2
f§ (mgL?) = eKP[CO(ZZ)] (19)
C
and eq. (18) shows that any function of z can be reexpressed as a function of m3 L2, as expected.
In the following we shall also be interested in the logarithmic derivative of # § with respect to m3L> This
can be achieved by observing that

] dz? 1/2%4 dew(z?) faz?

2 ) 2r2 2 m) —

oL amaryy B e L =miL e e s o0 8= atn(miL?) /827

1
=-1- z2Jw(z?) /8z?" (20)
From the definitions it follows that

, dw(z%) , 8 d=n mi

Ta2 Lomi NT ~ Lzz(p +m2)?’ (21)
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In fig. 1 we show the numerical evaluation of the function w(z?)+In(z2/z2) as a function of z. Its large-z
behaviour can be proven proportional to exp( —z), as expected from the observation that z—»co corresponds to
the physical infinite-volume limit in presence of a nonvanishing mass gap, and in this limit we expect exponen-
tially damped finite size deviations from the infinite-volume results. From eq. (17) it follows that the series
appearing in eq. (18) and defining the function e (z?} has a radius of convergence in z equal to 2.

There is a deep correspondence between our results and Liischer’s computation of the spectrum of low-lying
states in the continuum finite-volume hamiitonian formulation of the model [5]. By recalling that in the large-
N limit

m(}:AM_S’:-./?’ZAL, (22)

we can rephrase our results in the form

In2E —in 2 4 te(2?), (23)

M5 Ze

and this is the same as Liischer’s result in an euclidean lattice formulation of the problem; the function w{z)
has even the same convergence radius. We refer to Liischer’s papers for any further consideration about his
approach to finite size effects.

The main purposes of the O(1/N) computation are the determination of the 1 /N correction to the finite size
scaling function, i.e. the function f {@ (m3(NT)L?), and a comparison with numerical computations on finite
lattices in order to have a quantitative estimate of the range of validity of the finite size scaling parametrization.

Qur starting point will be eq. {7b), specialized to the case when the physical guantity under observation can
be extracted from the dressed inverse two-point function at some special value of the momentum. We recall
from ref. [2] that the inverse two-point function can be parametrized by

G='(p*, T,a, L, Ny=p*+m§(NT, a, LY+ (1/N)Z\{(p*, NT,a, L)+ O(1/N?} . (24)

At first sight, the most interesting quantity to be taken into consideration is the zero of this function, corre-
sponding in the infinite lattice limit to the value of the physical mass. However there is no simple interpretation
of this zero vaiue on a finite lattice. A more natural finite lattice operative definition of the mass scale might be
the second moment of the correlation function (the “renormalized” mass of ref. [6]). However even in this
case there is no unique definition on the finite lattice, and the study of the infinite lattice behaviour is slightly
more involved.

Let us therefore focus on the inverse susceptibility

16

w + 2lnz/zZ,

s
e B RS

—
[4v)
]
'
L]

Fig. 1. The logarithm of the large-N finite size scaling function
z w(z2)+1In{z3/z2 ) as a function of z.
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G0, T,a,L,N}= N—XT, x=a’}, (8$(0)-S(x)>=xo+ (1/N)y +O(1/N?}. (25, 26)

A few trivial manipulations lead to

0 _ 2(O,NT, L)

};—jzm%(NT,L), = mINT.L) (27)

therefore f §(mE L2y =f§ (miL?) and, after substitution in eq. (7b),

2 (0, I\;T,L) 3 EI(O,NzT,oo) _ (1+ i 12 2)m%(NT,oo) +f§’”(m%L2) . (28)
mi m3 220 (22) /822 m3(NT, o0)  fE(mEL?)

Recalling that [2]

mi=Z (—m3, NT, a0}, (29)

we therefore obtain

m=ZI(O,NT,L) +El(—mé,NT,oo)—Ei(0,NT,oo) + 2 {(—mi3, NT, o) . (30)

f& mi mg mgmi de{miL?)/dm}

For the purpose of analytical computation we may also notice that, in the scaling region [7],

21(—m5,NT,oo)2—Zl(O,NT,oo) __ GZI(pZ,Z\ZIT,oo)| +3c1—1—1nE, (31)

ms dp b2 —ml 2
the constant ¢, is defined in ref. 2]
| =1n§:2:§;—§5§; =0.4861007.... (32)

For the purpose of completeness we just mention that a similar analysis performed on the formal definition of
the zero of the correlation function leads to
i mi(NT, L) mi(NT, o) !

F§ T mA(NT, L) ~ mB3(NT, o0) z28w(22)/8z2 " (33)

The function f {* is in principle completely determined by eq. {30) once all quantities on the RHS are com-
puted in the scaling region in the large-L limit. In practice, we may take two different approaches, and compare
them in search for consistency.

The first approach is that of performing a finite lattice weak coupling expansion of the susceptibility [3] and
express the results in a scaling form akin to eq. (30). In ref. [3] one can find the following result, exact to
O(T?):

x=L*1— (N—=1)TS; + (N= DT[4S, = 1S (1= 1/L*) ]+ (N=1) (N=-2)5, T?}, (34)
a’ 1

Su=73 2 T 35
I? o (Fah) (33)

Let us now perform a 1 /N, large-L expansion of eq. {34) to obtain

X L1 /NT=(1=1/N)S, + T8 —18)) + (1=3/N)d NT} , (36)

NT =

where S, is simply the large-L limit value of S;:

93



Volume 255, number | PHYSICS LETTERS B 31 January 1991

~ 1, 32L72
5 4 In a’z? (37)
By making use of eq. (18) we obtain
¥y L* 1 ~ ~ =
FV—T:;+NL2[SI+22(%Sf—4lS1-—3d2)], (38)
and immediately
L) 1 @) & &
Qﬁﬂm—i’ x;(L) ZZZ[Sl +22(%S%—%Sl—3dz)] - (39:40)
We also need representations in terms of z? of the following functions (see ref. [2]):
2 2
21 mo, NT, ®) _ Pla_ S 2 (In 16nNT+9p) — 2+ 1+ (— 1 /21— 1/8+47G, NT+O(N?T?) ,  (41)
My o NT
21(_m%=NT’OO)_Z](O’NT=OO) — m_% + Lmz
m3 “mi NTTC
2 _In4aNT+3¢, —yp+ (3+1/2n)NT— (55— G IN?T>+O(N3T3)Y
G, =0.04616363... . (42)
Once all substitutions are performed in eq. (30) we obtain
() 4x z? 167 zt
1
féx) =—]n? +2+3C1 —}’E‘—z_ﬂ_(ln? +}'E)+§EE+O(26). (43)

We notice the complete cancellation of all dependence on L other than the scaling dependence included in the
definition of z. This is a nontrivial check of consistency between the 1/N and the standard perturbative ap-
proach to finite size scaling. Eq. (43) also provides a benchmark for all numerical evaluation of finite size
behaviour at least in the regime z << 2.

The second approach to the determination of the function f {#) is the numerical evaluation of the RHS of eq.
(30) for several values of L/a and =1/ NT. This procedure has the appreciable advantage of providing a direct
evidence of finite size scaling and a quantitative determination of the onset of scaling, both in L and in 5. Some
of the quantities appearing in eq. (30) are infinite lattice values of the inverse two-point function at special
values of the momentum. In order to compute them we made use of the integral representation introduced in
ref. [2] and resorted to accurate algorithms of numerical integration {300 point Gauss integration).

Finite lattice summations were performed for values of L/a ranging from 3 to 160 and £ from 0.7 to 0.95,
corresponding via eq. (12) to values of z from 1 to 10.

In fig. 2 we present the numerical results for / {¥ /f §* by drawing lines through the data at fixed j, together
with the weak coupling result of eq. (43). the convergence to a universal finite size scaling function is rather fast
in the variable 1./a, as already observed in ref. [4]. More crucial is the dependence on f: for values smaller than
the onset of (infinite volume) scaling at f~ 0.8 we see a significant departure from a universal finite size scaling
behaviour. This phenomenon is expected and perfectly understandable from the point of view of Wilson’s re-
normalization group approach.

Let us now imagine to have a purely perturbative determination of f,/f,: this would imply the ignorance of
the constant appearing in eq. (43). This constant {as well as the ratio /4555 ) could be in principle determined
by matching the perturbative series for the finite size scaling function to the expected exponential behaviour at
large z. However our computation shows that these functions have non monotonic behaviour at intermediate
values of z, and a very slow approach to the asymptotic regime. It seems therefore very hard to get good extrap-
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Fig. 2. f = /£ §* as a function of z. The solid lines are numerical
results for §=0.70, 0.75, 0.80, 0.83, 0.90, 0.95 respectively, from
7 bottom to top. the dashed line is the result of eq. (43).

olations to large z values from perturbative results, at least to the satisfactory level one can reach in the large-N
limit [5].

We thank H. Flyvbjerg for many interesting conversations on this subject and for communicating us his finite
size results prior to publication.
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Two classes of renormalizable 1/N expandable two dimensional models
are analyzed to O(1/N) and the asymptotic behavior of the renormalized
two-point functions is nonperturbatively evaluated.

These results are taken as a benchmark to study the applicability of
dimensional regularization and perturbative minimal subtraction renormal-
ization to the context of the 1/N expansion. Perturbation theory is applied
to O(1/N) diagrams to all orders in the weak coupling constant, and after
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symmetric version of the models.

PACS No. 11.10 Gh, 11.15 Pg

1. Introduction

The importance of dimensional regularization in the context of perturbative quanium
field theory cannot be overstressed. Not only it offers the possibility of defining a systematic
renormalization algorithm, but also one can exploit its methods and results in the analysis
of critical phenomena by the use of Wilson’s ¢-expansion.

There has however been till now a rather restricted use of this regularization scheme
in the context of the so-called 1/N expansion approach. This is essentially due to the fact
that in the 1/N formulation the propagators of the effective excitations, when computed
in d dimensions and with nonvanishing mass parameters, can only be expressed in terms of
hypergeometric functions, which are quite intractable when integrations or £-expansions must
be performed. One example of this intractability is the fact that a dimensionally regularized
version of the 1/N expansion may develop In |¢| singularities in addition to poles [1,2].

In turn the 1/N expansion can be certainly performed (at least in vector models) by
sticking to two dimensions and choosing such regularization schemes as a sharp momentum
or a lattice cutoff [3].

Moreover, in the context of the evaluation of critical indices, most difficulties can be
bypassed by performing all calculations directly at the critical value of the coupling constant
(seen as a function of 4) and exploiting the scale properties of correlation functions at criti-
cality [4]. In this way not only critical exponents were computed to O(1/N?} (4,5], but also
one could reconstruct the renormalization group functions § and 4 themselves starting from
the values of the exponents [6]. In principle, by a generalization of the same algorithm, one
might also reconstruct, order by order in 1/N, the renormalization factors Z, at least in the
minimal subtraction scheme.

However it would certainly be important to be able to perform, at least in principle,
a direct calculation of the dimensionally regularized Green’s functions within the 1/N ex-
pansion, in order to verify consistency with standard perturbation theory not only in the
computation of divergences but also in the renormalized convergent contributions. It would
also be pleasant to check the rencrmalization group invariant structure of the renormalized
Green’s functions and to study the summability properties of their perturbative series.

In the attempt to close the gap between dimensional regularization and 1/N expansion,
we started from the observation that most interesting properties of the Green’s functions are
already contained in their asymptotic behavior, ie. in the imit when all mass parameters
are very small compared to external momenta. These asymptotic behaviors are well defined
both in the 1/N expansion and in standard perturbation theory in models not plagued by
infrared pathologies. Actually, in asymptotically free theories where the appearance of mass
is a dynamical phenomenon, the prediction of asymptotic behaviors is all that conventional
perturbation theory can reasonably provide.

In the massless limit, the propagators of the effective excitations can be expressed in
terms of elementary functions: their mathematical structure is such that, with appropriate
manipulations, the correspondence with perturbation theory can be made manifest. More-
over, in this limit it is possible to reduce calculations to typical dimensionally regularized
integrals and to resum the results in a compact and renormalization group invariant form
ready for comparison with 1/A calculations in different schemes.



In the present paper, we consider for definiteness two classes of renormalizable two-
dimensional models, O(N) nonlinear sigma and Gross—Neveu, whose structure and 1/N ex-
pansion are discussed in Sect. 2.

In order to establish a benchmark, we computed the relevant O{1/N) Green’s functions
in a sharp momentum cutoff scheme, for arbitrary nonzero values of the mass parameter mq,
and presented the results in a renormalization group invariant form in Sect. 3.

The asymptotic behavior of these Green's functions obtained in the my — 0 limit is
presented in Sect. 4.

Finally, Sects. 5 and 6 are devoted to the analysis of O{N) and Gross—Neveu models
respectively in the context of dimensional regularization. We generated the massless per-
turbative series, evaluated the relevant Feynman integrals and proceeded to two different
resummations of our results, corresponding to an interchange in the order of some limits.

We could show that the two resummations differ only in their divergent parts, corre-
sponding o different choices of renormalization factors Z, while the convergent contribution
is universal, renormalization group invariant and corresponds to the asymptotic expansion
presented in Sect. 4. The first resummation, which we denote by “nonperturbative renor-
malization,” leads to the appearance of the In |¢| singularities already noticed in {1,2] and is
in rather direct correspondence with the sharp momentum regularization scheme. The other
one (“perturbative renormalization”) is just the standard minimal subtraction scheme pushed
to all orders in the coupling. Its divergent parts are the 1/N contributions to Z factors and
allow for the determination of 8 and v functions, which in turn leads {o a perturbative evalu-
ation of the O(1/N) contribution to the critical exponent % in full agreement with previously
derived and conceptiually independent calculations.

The extension of our methods and results to the supersymmetric O(N) models is briefly
discussed in the Appendix.

2. The models and their 1/N expansion

We are explicitly interested in two classes of models: O(N) nonlinear sigma models [7,8]
and U(N) Gross-Neveu models [9] in two dimensions. Beyond obvious differences, these
models share a few common features that suggest a common treatment:

s asymptotic freedom;
dynamic mass generation;
existence of exact factorized § matrices;
1/N expandability.
The bare continuum Euclidean lagrangian of the O({N'} models is

§= %jd’z 3,58-8,5, (2.1)

where §% = 1. It can be turned into an effective action for the Lagrange multiplier field « {x)
introduced in order to implement the constraint:

Seqr (o) = —12\1 {Trin[-O+ ia(z)] — iBa(=)}, (2.2)

This effective action is suitable for a 1/N expansion around the classical translation invariant
saddle point {a(x)}, satisfying the unrenormalized gap equation

dip 1

oz .

1
ﬁzﬁ’

where we have introduced the (rescaled) weak coupling constani f. The propagator of the

quantum fluctuations around {a), = ~im} is

1 1 4wk®¢ L amd
In Fo1

In a sharp momentum {SM) cutoff scheme the gap equation takes the form:

1 1, M?
F=3 e (2.5)

The mass gap m? is a 1/N expandable quantity:

1, 1
m? =m§+ﬁmf+0(ﬁ) (2.6)
and m? can be anslytically computed by evaluating the pole of the invariant two-point func-

tion:
1

- - 2.9
Pt mg + 5B () &1
In the SM scheme one obtains [3,10]:
2 8
R TR 59
The scaling part of the free energy density, in turn, can be cast into the form:
87

Let’s now recall some results for the renormalization group functions in the SM scheme from

Ref. [3]:
sin=-2 e ()]s

f

’Y(f):¥f{1+ﬁ+o(%)]. (2.10)



The bare continnum Euclidean lagrangian of the U{N) Gross-Neveu models is:
s= [ &= [#96 - 1a )’}
The effective action for the Lagrange multiplier field & (2) is:
: N,
Ser(e) = —-NTrln{@ — o ()] + e a*(z)

where f = Ng/m. The bare saddle point equation is:

1 _fdp 1
wf ) @ gt o)

The propagator of the quantum fluctuations around (&), = my is:

27

1 1
yolml =y T
£-1
and in the SM regularization scheme:
1 In M
f e’

The 1/N expansion of the mass gap is:

=g+ —ma +Of =
m=mg + 5 m NE

and the 1/N correction is computed from the pole of the fermion two-point function:

1
—ip —mo + 5 Z(p)

Its value is:

My = —Smg | 2 41 o ]
1 = zmu 7 nﬁ"f"YE

The free energy density satisfies:
N-1 ,
yrO

Finally the O(1/N) renormalization group functions in the SM scheme are:

F=-

sin=-"Lp [1— %w(%)]
1(f)=0(%)-

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

Fig. 1. Feynman graphs corresponding to the O{1/N} contribution to I (p}.

There are deep correspondences between the fermionic and the hosonic models. However,
in order to compare them properly one must keep in mind that Gross—Neveu models actually
possess a O (2N) symmetry. Therefore comparisons should be made only after a rescaling
N — N/2in the fermionic results. In particular, in Appendix A the U(N/2) Gross—Neveu
model will appear as the fermionic part of a supersymmetric action whose bosonic component
is the O(NV) sigma model.

In these classes of models almost all relevant O(1/N) results can be obtained from the
study of the two point correlation function of the fundamental excitations. In turn this
function can be parametrized in terms of a self-energy function E (p), introduaced in Eq. (2.7)
and Eq. (2.17).

The G(1/N) Feynman graphs contributing to 3 {p) have in both classes the same struc-
ture, drawn in Fig. 1, The wavy line is the graphical representation of the propagator
A{k,mq), defined in Eq. (2.4) and Eq. (2.14), while the solid line is the bare propagator of
the fundamental fields (bosons and fermions respectively).

As a consequence we obtain in the O{N) case [11]:

_fdk AR A0) | &k I
B ey ey e T 2 [apa®gmam e

and in the Gross—-Neveu case;
&k Ak A0 d’k a -
0= [ G arime * e G A B s A7 -
where we made use of the gap equation and
a1 1
TOmef  ma
These results are unavoidably regularization dependent. As we shall see, it is however
not too difficult, starting from the first principles of renormalization, to isolate a finite,

calculable, scheme independenti term and separately compute all divergent regularization
dependent contributions.

1
wf
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3. SM regularization and renormalization

The simplest way of computing 1/N contributions to the self-energy is the SM scheme.
Since the A propagators are finite, the Feynman integrals appearing in ; (p) are one-loop
integrals of regular functions. They can therefore be regularized by the procedure of subtract-
ing explicitly the highest powers of the integration variable appearing in the Taylor expansion
of the integrand.

This procedure obviously introduces a dependence on the cutofl value M ? appearing as
a lower limit for the integration of the subtraction terms. However, via the gap equation,
this dependence can be completely eliminated in favor of an explicit dependence on the
(renormalized) coupling constant, which in turn can be reabsorbed in the renormalization
group invariant definition of the physnca} mass and in the wave function renormalization.

Let’s exemplify this procedure by considering the O{N') models. In Bq. (2.21) the func-
tion A (k) is rotationally invariant in momentum space. We can therefore perform the angular
integration in the two-dimensional momentum plane by applying:

wiﬁ 1 N 1 (3 1)
v 2 k) AmE f im ) g

By applying Eq. (2.4) and Eq. (3.1) and taking derivatives we obiain from Eq. (2.21) the
following (non regularized) representation of the self-energy:

w 1 k2 1 2m?
E:(p)=f i | — et IR ¢ 2
0 Y \/(p,+m%+k2)z_4pgk2 £] dmi+k
f -1
A regularized version of Eq. (3.2) is obtained by applying the above described procedure:
? + 3md m3
reg . 2 0 2 2
T () = B, (p) f i s 5+ ] a2, (3.3)

It is convenient to introduce the following identities:
” 1 1 oo 9m?2 o
akr— [1—- -] - B2 M _ o2 .\
»/0 : et f + 1 ( 6) M2 d L2 ]n(kzl,'m'g) Ty (1‘[1 In 2 + 7E) (3 )

£—
2 mo = ami M?
— dk? — =In — . .
f d 4m? + k2 j;:,fz k2 n4m§ (3:5)

We can now exploit the scale properties of the dynamical variables and parametrize the
self-energy by:

o M M
5B (p) = miS, ( ) + (7 +m}) (1n1n—+fm) + 2m} (lnm +inkn +’YE)?
0
(3.6)

where, by introducing the rescaled variables

2 2
P k 4
- =5 =142
L= 31 y ‘2]1 E +y

we can easily derive from Eq. (3.3) by the use of Eq. (3.4) and Eq. (3.5) the representation:

. o 1 ¢ +1
21(3):j; v éH V1 +y ym)+4:r: 15y (E_l)' (3-7)

By comparing Eq. (3.6) with Eq. (2.8) it seems natural to rewrite our results in the form of
a renormalized two-point function:

1+%(1n;f—m)
P2 +m?+ ]Jvmz)jl(pz/‘mz)

(3.8)

satisfying the pole condition 3} (~1) = 0.
The analysis of the Gross—Neveu models goes along the same lines. Let’s just quote the
following representation of the non regularized self-energy function:

—ig o 1 _ 2
21(1,):1_"%‘ di? 1 14 PP —m)—k
»? Jo L ‘/(pz 42 4 k2) - dpe
(3.9)
mg %, 1 1 1
+5 f dk + iz 2|
Pho S et em ) e FTE
and its regularized counterpart:
b myo o
e (p)=2 - dk? e — ? .
TE(p)=Ea(p) fM’ T (6 md) e T ETER (3.10)

It is worth noticing that the term proportional to —ip requires no regularization, i.e. no wave-
function renormalization is needed in this scheme to this order of approximation, consistently
with the results presented in Eq. (2.20).

By applying the abovementioned identities and Eq. (2.18) we can reformulate our results
in the form of a renormalized two-point function:

1
—i =~ m A+ 5 [-PA(p? /m?) + mB (p? [m?)]

(3.11)
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Fig. 2. The O(1/N) contribution to the self-energy of the O(N) models I, (z) (solid line); its asymptotic
expansion (dashed line).

where
o0 —
A(a:)=zlz—f dy ;+1 1—\/ 1+y : (3.12)
¢ ln >0 l+y—-a2) +4z
flo gy ( )
and
oo 1 1 1-¢
B(z):%f dy —573 - +5= - (3.13)
0 flné—_l \/(1+y—x) + 4z
The pole condition is now reflected in the relationship:
A(-1}+B(-1)=0. (3.14)

One may check that the following identity is satisfied:
Bi(z) +4(zA(z) - B(z)) =2(1 +2) B(x). (3.15)

Eq. (3.15) finds a natural interpretation in the context of the supersymmetric O{N) models,
as shown in the Appendix.

Eqs. (3.7), (3.12) and (3.13) are ready for numerical computation, as well as analytical
evaluation at special values of the argument [3]. We plot the self-energy functions in Figs. 2, 3
together with their asymptotic behaviors, that we shall extract in the next section.

-1.0
-50 0 50 100

Fig. 3. The iwo components of the O{1/N} conttibution to the self-energy of the Gross-Neveu models 4 (z)
{upper solid line) and B () (lower solid line); their asymptotic expansions (dashed lines).

4. Asymptotic Behavior

On the ground of general field-theoretical arguments we expect to be able to obtain
the asymptotic behavior of any Green function from perturbative considerations only, and to
express it in terms of such renormalization group invariants as the so called “running coupling
constant.”

Oune of our aims is to show that such a perturbative approach does indeed converge to the
same asymptotic behavior as one may obtain from strictly nonperturbative considerations,
like those based on the 1/N expansion. Let's therefore first extract the “true” asymptotic
behavior from the results of the previous sections.

According to a reasonazble definition of asymptopia, and focusing on the O(N) case, we
shall define to be “asymptotic” that part of the function £, {z) /= that is not depressed by
powers of 1/z in the large = limit. We shall however allow for an z dependence that may be
formally expressed as a series in the powers of 1/In =.

An analysis of Eq. (3.7) shows that in the asymptotic regime # — oo the integral is
dominated by the region = ~ y 3> 1. We can therefore obtain the relationship

= d
2 {x) z_mof o — ¥ 1 —f 1—y£—m(lnlnz+’m), (4.1)
29 | Sy - o) +az . Inyy
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where we kept the subleading term 4z under the square root in order to regularize the
expression in the region y = z. Changing integration variables to z = y/z we obtain

-—El(:t)—> dz z -1 ff —z————(lnlnz+'m).
z—oo fo Inz+lnz (271)2*_4/2: ; lnz4+Inz 2
(4.2)
By trivial manipulations of Eq. (4.2) we get the expression
o dz 1
ﬁEI(;c j 1dz . —f e z ~(Inlnz + +8)
T—roo nx (zgl) +4/$ 1 n:cz
(4.3)
‘/°° dz Inz z 1+ f‘” dz Inz 1
s Inz+lnzlnz (= 1)+ 4/e 1 Inz4lnzlne z

The first two integrations can be performed analytically, and the term 4/z can be safely
neglected in the third integral. Therefore we conclude that

Inz4+Inzlnz

= ds Inz [ =z 1 1
; Inz+lmalnz [z-1 z

1. 2 ® dz Imz| =z
fE1(z) —(lnlnm-{rm){»l_m—fu __[lfz_l]

(il )1 2][1 dz ! 4z In? 2 1

=~ {lnlnz +ym)+1- o Inz+lnz o Mz ln®z —1n¥z1—z°

(4.4}
This expression admits an asymptotic expansion in the form
[~ =] o0
k1 (2k)!

—(Inlnz+9B)+1-2Y — g +2 3 ——y C(2k+1). 4.5
( T)H 12D e 2D i C(26) (45)

The fiest two terms of Eq. (4.5) were evaluated in {12] and a few more terms can be easily
deduced from the renormalization group improved expression of the perturbative two point
function.

The corresponding computation in the Gross—Neveu model is much simpler and leads to

A(,,)Hij dy y,_ _y-=2
z—oo 4z fo Ilny (y~z)2+4:c
. 1)[‘” dz [, x-1 (4.6)
1)y Inz+lne |z -1

]

1

][1 dz Li(z)
o Inz+Inz 2@
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The asymptotic behavior of B (z) can easily be obtained from Eq. (3.15).

In Figs. 2, 3 we have drawn the asymptotic behaviors as dashed lines; the agreement
of the asymptotic and exact behaviors at rather low values of the variable is as good as one
might expect.

This asymptotic analysis is certainly worth some comment. We must observe that,
whilst the results are perfectly calculable functions (in the Gross—Neveu case even a known
special function), they are certainly not expressible on terms of Borel-summable series in the
running coupling constant fg ~ 1/Inz. This indicates that Borel summability is by no means
a necessary (or even desirable) feature of the perturbative series: actually the existence of a
Borel ambiguity is strictly related to the very possibility of occurrence of the phenomenon of
dynamical mass generation.

5. Dimensional regularization in the 1/N expansion: the O(NN) models

In order to compare the results presented in the previous sections with standard per-
turbation theory, it is certainly convenient to assume the dimensional regularization scheme,
which will not only allow for a number of extremely useful computation tricks, but also set
the stage for an analysis of critical behaviors for real d {# 2) which we shall develop at the
end of our work.

In order io generate the perturbative series keeping only O{1/N) contributions in the
fimit my; — 0 without any formal trouble generated by the bad infrared behavior of the
individual Feynman diagrams, we found it convenient to start from our Eq. (2.21) and modify
it by adding the quantity

d%k Alp)
(@2m)° (p+ k)" + mi

BA(p) — =40, (5.1)

vanishing because of the gap equation. As a consequence,

_ d?k AU\)—A(P) ( ) 1
mp=ps0)+ [ 22 | DEST R e S e ga (k)] (5.2)
and in the limit mq — 0
k2
Alk) — Ay (k) = m, {5.3)

where

o fd (¥ 11
Ag (k) = z‘/(%)a [pz ptk) P (p+k)2}'

In the same limit
A(D) @ Al - 1
S Gt )= (k) — =L (5.4)

12



Therefore

A%k Ag(k+p) — Ag(p) — Ag (k)

Zi(p) m:ﬂ o {p) = (211_).1 k2

+ 82 (p) - (5.5)

This representation is completely general and free of infrared divergences. Even more impor-
tant, one may check that its expansion in powers of 1/ reproduces the Q{1/N) diagrams
appearing in the standard perturbative series.

Let’s however consider dimensional regularization: then by definition the second and
third term in the integral vanish and we obtain

A% Ag (k)

1o (P,Bl‘i) = (21r)d (p—}-k)z By (P) 3 (5'6)
where now
N - I _21‘(2_ 1d) r{}¢)T(}4) 1
olhhd) =3 R 7™ U PRV
(5.7)

and d = 2 + ¢. To simplify notation, and with no loss of generality, we have chosen the
subtraction scale p of dimensional regularization to be equal to 1.

In order to make correspondence with standard weak coupling perturbation theory [8,13]
it is convenient to introduce the (bare) coupling F = NT = §4/8 and represent the O(1/N)
two point function in the form

F 1 Lo (p, F)
G(Pa F) ; { - F pg s (58)
where
Duw(p, F) 1 L 1 dék k* F (5.9)
7 L Fprfe " Sal (2n) g (p+R) L4 Fht/e '
We can now proceed to an explicit evaluation of the integral by series expansion:
dp B fp?) 1T Ex 2(r—1)
zlo(PvF) 1+Z( 1) ( ) 7_‘?“ dkd (P) ; (kZ) F
Sad (2m) (p+ k)
~11+ze{n—1)
=1+ 1 1- 2 5.
E( ’ [ n 1+ ze(n+1) (5.40)

X

( )EHEE”) P(L+e) ]

I‘(l —3e{n-1 ) 1+ %s(nﬂ)) I‘(l - %e) I‘(l + %a)
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where we have applied standard results of integration in d-dimensional space. Eq. (5.10) can
be substituted into Eq. (5.8) to obtain

N-1 1S (- (FY .,
G2 F1- ZY pDien)]| , 5.11
(p)Np[NZjln(s)p (e)] (5.11)
where
D(s,n):nf(n—l)%—gC(s,n),
Clomy r(1 - ;sn) T(1+ jen) r(i4e) 512

r(i-fe(n-1)r(1+ Le(nt1)) £(1-3e) 01+ Je)
~14e Ez4_—1C(3)+0(e*) ,

and we can easily check that all known perturbative results [13] are correctly reproduced.
In order to renormalize this result we recall that

Grp,f)=Z27'C(p, F=2:{), (5.13)

where f is the renormalized coupling and

o dovo(b) amriovo(d). e

Therefore

GR(P,f)=%;—21(Z‘121)f{1—%E( " (Zl_f )D(an)]

e (i)

N1 1= (1" f fle .\

The next step requires some exchange between series summation and ¢ — 0 limit, and
we shall only consider it as heuristic; later on we shall offer a more rigorous derivation. Let’s
therefore consider that Eq. (5.15) is a power series in the powers of

-frtfe  p° 1
1—f/e  1—c/f o ”"’[f

while the coefficients of the series are polynomials in n and £, and the minimum degree in €
associated with degree k in n is k + 1. However the power series enjoy the property

an }:)k+l+o(( ! k) _ {5.17)

n=0 b~ z)

(5.15)

+]np] +0(e%) = 1+slnmi+o(gz), (5.16)
o
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and therefore performing separate summations over the different powers of n appearing in
the coefficients we obtain the minimum degree in & associated with each summation from

k1 ink (1 +eln _H_)n . M_ +0(). {5.18)
™a (In p/mo)™"!

n=0
Hence in the ¢ — 0 limit the only surviving contributions are these generated by the leading
terms in the coefficients proportional to e*+!n¥*, Expanding the coefficients in en and keeping
only the leading terms we obtain

[ 1 1
D n)_n(n~1)(l—1+%sn) 1+3 e ( ) 1+%s¢v(1+%an) (1= o)

=1+en [1—]+%¢(1%€n) vf)(l'l' 5’1) +‘TE]

'is"__n
o0 o0 k
=1l+en (u-—en) E (——sn) {(2k+1)
k=0 k=1
{5.19)
Substituting in Eq. (5.15) we therefore find
N-1 1 p? had k!
Calp,fl =~ F41+— [lmln 2423 %
® 1= N m kz (In p? /m3)**!
(2k)'<(2k+1) I { ( 1 )]
+1n 14+0( =
;(lnpzf 2y2kH] 2(1 — f/¢) NJIY
(5.20)
which fixes wavefunction renormalization in this scheme to be
_ 1
z IZI=1+ﬁln(l—§), (5.21)

while the asymptotic behavior found in the SM scheme is reproduced exactly.

We would like to call this procedure “nonperturbative renormalization.” Due te our
manipulations we do not expect it to be fully equivalent to standard MS renormalization; it
must however reproduce the same renormalization group invariant asymptotic behavior, as
it actually seems to do. To be fully convinced, we must however find a way of performing
“perturbative renormalization.” This is not actually too difficult to achieve [14].

Let’s go back to Eq. (5.9) and notice that, when expressed in terms of the renormalized
coupling, the self-energy takes the form

Zrolp:f) (1 f) 1 1% Ll ! (5.22)

- L + = '
p? 1+ L0 =1)  Sad (2m)® (p+ k)PP 14+ L (k1)
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This expression can be represented in terms of a double summation

0 5D S G

P n=0
LR () w e rai
g () SR Qe
SO Lo (D) e
=1 +g% @)ﬂ Zn:o( ™ (") pm D (eym) g:]i (g)ﬂ - - % C(e,0),
(5.23)
where F(L4e)

Cle,0) = Is (1 + %s) l"(l - %s) )

It is imporiant to notice that the summation on n is just a formal representation of the
perturbative series in powers of f, while the summation on m is, order by order in m, a finite
sum corresponding to an n-th order Feynman diagram and its perturbative counterterms.

We can therefore proceed to conventional MS renormalization by first performing the
finite summations on m and disregarding all contributions vanishing in the hmit ¢ — 0. Let’s
keep in mind the expansion {5.19) and let’s observe that, thanks to the relationships

i 1™ (;) m* = b (1) 0! for k <n, (5.24)
m=0

we can easily prove that

1133});; Z( - (® Yo (em)* = (dlip)k(—lnp)" (5.25)

and

i3 2 (i)é(“”"‘ () emt =0t g 526)

(lnp/ma)

As a consequence we obtain

EW (P: f) —In ln r i Z (2’»}'( (2k+1)

p? 1 k+1 1o o? 2k+1
L (np/ . 1 (Inp? fm} (5.27)
—lmitd ~3 Cle,0)ln 1 - 2L
n2+ 1+%e (e, )n(l E)D,
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where we adopted the notation <14 ()l to indicate the pole part of a Laurent expandable

function ¢(z). Again we get the same asymptotic behavior of the renormalized Green’s

functions as in the SM scheme and in our nonperturbative renormalization approach.
Wavefunction renormalization in the MS scheme is then easily found to be

-1 1 _1-3e f
=1+—d n{1-L)p. 2
77 =145 i C(z,0) s (5.28)

Eg. (5.28) has far-reaching consequences. [f is a closed form evaluation of the first subleading
(in 1/N) contribution to the renormalization function Z7'Z; in the context of standard
perturbation theory and the MS subtraction scheme. It also offers the possibility of throwing
some light on the relationship with nonperturbative renormalizations: indeed if we take the
Limit € — 0 only after the resummation we find that

! 0l (1-{) i {_? (1-9} —NHE (5.29)

In =
2
a result consistent with Eq. (5.21) and with [1,2].
Pinally we can exploit the special properties of the MS scheme to extract some informa-
tions on the renormalization group functions of the model. Let’s introduce the expansions

=)+ 56N +0(35) = —F—,
1+ fa—f In %, (5.30)
8lnZ
1 =w()+ yuH+0(37) =857,
where
Bo(f)=ef - f*,
Y {f)=f
For any function ¢ analytic in a neighborhood of 0 one can show that
(1-9) gras@i (1- D)o = s0s). (5.31)
By use of Eq. (5.31) we can easily prove that
Bi(f) B gy L[ 123f
v+ 2L —pin gmizz - g [fH;fC(f,U)]- (5.32)

As a consequence we can compute the O{1/N}) coniribution to the critical index 5. Indeed
from the conditton 8 (f.) = 0 we find

foer 2B (5.33)
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and from L
n=—e+v(fe)= -+ fo+ 1'1(5)

we obtain

L1 [ﬁl (@,

7= ()] el” 30(5,0). {(5.34)

Neis

Eq. (5.34) is a known result [15]. However to the best of our knowledge this is the first
derivation of the leading (in 1/N) contribution to 1 obtained within standard perturbation
theory, and therefore showing that weak coupling and 1/N expansion commute to second
nontrivial order in 1/N and to all orders in f.

8. Dimensional regularization in the 1/N expansion: the Gross—Neveu models

We may repeat this discussion in the case of the Gross—Neveu models, where some
computational simplification occurs. The my — 0 limit of the two point function is already
manifestly infrared convergent

dék 1
Zwip) = f @n)? Ay (k) G (6.1)
where
! e 11k
Ao(k)__NLg+Au(k), Ao (k) =1t —(2‘1r)d1,'—¥+1'¢‘i4_25d€,

in dimensional regularization. After the definition F' = 25,N¢ one obtains

1 dk 1 F
b F .
olp, F) = 38, ) e P+ E 1 Fheje (6:2)
Evaluating the integral by series expansion one obtains
P (-1)" (FY? Cle,n)
B, F) =33 0 (F) pmetn-n S0 (63)
4 nz:;, no\¢ 1+ 3e(n+1)
Nonperturbative renormalization is obtained by the replacement
f
F= 6.4
! (64
leading via the already discussed manipulations to
sz A p?
m ) = -2 () u(Zy), (65)
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exactly as in the SM scheme,
Perturbative renormalization in turn is obtained starting from

1 44k 1 f
25, @)Y ig+if 141 (kc -1)

g% ()Z( U ()P e e

" () e

1o (P:f)

(6.6)

|
MS
B
VN
o
\-.___/
=1

n=1 Lt

Bl (Y €

= ~ = Cle,0).
+4,§"(6) 1+1e (.0)

Therefore in the MS scheme, removing all terms vanishing in the ¢ — 0 limit, we are left with

mah) — $ (L) S eom (0)

1+55m

- 1'4!41_'_ (17 7) @)
— ;?'_2’;‘ (:_f) Li(%) - % 1:%5 C(e,0)In (1 - {)b.

It is obvious that the last term would vanish if we interchanged summation on n and ¢ — 0
imit. From Eq. (6.7) we can extract the wavefunction renormalization factor

z—1fﬁ<141+ c(eo)1n(1_i)>+o( ) (6.8)

and the anomalous dimension of the fermionic field

2
=L 1 +11f C(4,0). (69)
2

In turn Eq. (6.9) car be used to derive the critical exponent

2
1=100% 5 060 +0( ) (6.10)

confirming the results of Refs. [5] and [16].
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Appendix A. The supersymmetric O{N) models

The extension of the formalism develoi)ed in the present work to the supersymmetric
O({N') models requires no major effort. The action of the models [2] is

onr [ @o [30u5:0.5:+ -} (Bt (A1)
and the fields are submitted to the constraints
S8 =1, Sipi = 0, P =P, (4.2)
The purely bosonic part of the model is just O(N) sigma mode! while the purely fermionic
one reduces to U(N/2) Gross—Neveu model.

Introducing a supermultiplet of Lagrange multipliers (o, u, o} and integrating over the
original fields we obtain the 1/N expandable effective action

Seﬂ‘(a’):*{v- Trln [-D+ia) — Trln[@ — o] + Trln lf—_—l—.i 1 %
2 O+ta @0 (A.3)
+£[az—ia].
4rf

The gap equation takes the form

R dp 1 _ d?p 1 (A.4)
2nf (2=)? p* +ila), @) 2+ (o)g
implying 1 {a}, = (0}3 = m], while {u}, = 0; in the SM scheme
1 1. M?
—==ln—. A5
f 2 mi (4.8)

The propagators of the Lagrange multiplier fields can be easily computed; they are related to
the corresponding quantities in the bosonic and fermionic models and, with obvious notation,
they can be shown to satisfy the following (d-independent) identities:

Ay (k) = (1 — 2mo) Ay (k) = (k% + dml) A, (), (A.6a)
. ddg 1 1 1 £+1
A= (4 amd) 3 @ E i @ R i £in E-1 (A.6b)

It is certainly worth observing that Eq. (A.6a) not depending on d means that supersymmetry
is not broken by dimensional regularization, at least to O{1/N). One may immediately apply
Eq. {A.Ba) to the calculation of the free energy F in the 1/N expansion. It is very easy to
show that, consistently with supersymmetry, F = 0, due to the cancellation between bosonic
and fermionic one-loop contributions.
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The 1/N corrections to the propagators of the fundamental fields can be computed
along the lines adopted in the previous sections. The diagrammatic representation of the
contributions is the same as in Fig. 1, but we must remember that the wavy line may now
represent also the exchange of the fermionic Lagrange multiplier. Without belaboring on the
evaluation of the individual diagrams, we can collect all resulis and write down the scalar
and fermion self-energy contributions:

scalar d?k A (& d*k 1
Ea(p) = (" +mi) (zfr)d wr :c)’(42 e [ o (2")" B
fermion B A, (k) 1 '
Bi(p) = —(2f+m°)f (21)4 (p-|-k) T +2 2Acr (G)j (2,“.)6 k2 +4m .

Therefore the scalar and fermion propagators are renormalized by the same mass and wave-
function renormalization; in particular in the MS scheme one obtains the following renormal-
ized Green’s functions:

1+%(1“%f*'m) 1

scalar
Grip, f) = 1+ % 2B(p3/m?) p* +m?’ (A.8)
fermion 1+Ilv(ln%f—'fE) 1
Gr( =
R\Dy 1+ﬁ2B(p2/m3) -—Tl'f_m1
wn o G-09)
=mo 1= 7 ' -

Again one immediately verifies from Eq. (A.7) that supersymmetry is unbroken to this order
by dimensional regularization. In such schemes as SM and MS one obtains

B(f) =—¥f’ [1 +O(-A%)]. (A.102)

Moreover in the SM scheme one gets

0= rfivo( )| (4100

It is interesting to notice that in the light of these results, after proper rescalings, the identity
(3.15) reflects in a very pictorial way the amalgam nature of the supersymmetric O(N)
models.

Finally let’s comment about asymptotic behavior and MS renormalization. From
Eq. (3.15) one gets

+44(z) = —(Inlnz +7E)+1+2Z %((2k+1) . {A11)

k= 1

lim 2B(z) = lim 2 (")

T—00
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In dimensional regularization one may show that

o f A% AR S %k Ago (k)
w0 ) G iy g F oo ®F f m)? (p+ k)’ (4.12)
Sd Ago (k) = r

1+ Fkefe’

and, after by now standard manipulations, one may get the following representation of the

above expression: )
=, - (EY -1
1+ 3 (-1) (?) " [1 - "’T C(a,n)] . (4.13)
n=1

leading to the asymptotic behavior (A.11). By applying perturbative renormalization we may
also extract the relationship

Z”Zl=1+311—<]C(s,0)1n(1—§)|>+0(%), (A.14)

implying )
=5 £C{,0), (4.15)

in agreement with [17].
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