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Abstract

We study the critical crossover between the Gaussian and the Wilson-Fisher fixed point for
general O(N)-invariant spin models with medium-range interactions. We perform a systematic
expansion around the mean-field solution, obtaining the universal crossover curves and their
leading corrections. In particular we show that, in three dimensions, the leading correction scales
as R™%, R being the range of the interactions. We compare our results with the existing numerical
ones obtained by Monte Carlo simulations and present a critical discussion of other approaches.
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1. Introduction

Every physical situation of experimental relevance has at least two scales: one scale
is intrinsic to the system, while the second one is related to experimental conditions.
In statistical mechanics the correlation length ¢ is related to experimental conditions
(it depends on the temperature), while the interaction length (Ginzburg parameter) is
intrinsic. The opposite is true in quantum field theory: here the correlation length (inverse
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mass gap) is intrinsic, while the interaction scale (inverse momentum) depends on the
experiment. Physical predictions are functions of ratios of these two scales and describe
the crossover from the correlation-dominated (£/G or p/m large) to the interaction-
dominated (£/G or p/m small) regime. In a properly defined limit they are universal
and define the unique flow between two different fixed points. This universal limit is
obtained when two scales become very large with respect to any other (microscopic)
scale. Their ratio becomes the (universal) control parameter of the system, whose
transition from 0 to oc describes the critical crossover.

In this paper we will consider the crossover between the Gaussian fixed point where
mean-field predictions hold (interaction-dominated regime) to the standard Wilson-
Fisher fixed point (correlation-dominated regime). In recent years a lot of work has been
devoted to understanding this crossover, either experimentally [ 1-5] or theoretically [6-
20]. The traditional approach to the crossover between the Gaussian and the Wilson-
Fisher fixed point starts from the standard Landau-Ginzburg Hamiltonian. On a d-
dimensional lattice, it can be written as

2 u

H=3 30— x) (6 — )+ el + b= ¢: (1.1)
X1.X2 X

where ¢, are N-dimensional vectors, and J(x) is the standard nearest-neighbour cou-

pling. For this model the interaction scale is controlled by the coupling # and the

relevant parameters are the (thermal) Ginzburg number G {21] and its magnetic coun-

terpart G, [17,20] defined by

G =D G, =y dD/206-d)] (12)

Under a renormalization-group (RG) transformation G scales like the (reduced) tem-
perature, while Gy, scales as the magnetic field. For t =r —r, € G and h <« G, one
observes the standard critical behaviour, while in the opposite case the behaviour is clas-
sical. The critical crossover limit corresponds to considering ¢, A, u — O keeping { = t/G
and h = h /Gy, fixed. This limit is universal, i.e. independent of the detailed structure of
the model: any Hamiltonian of the form (1.1) shows the same universal behaviour as
long as the interaction is short-ranged, i.e. for any J(x) such that ZX x2J(x) < +o0.
The crossover functions can be related to the RG functions of the standard continuum
@* theory if one expresses them in terms of the zero-momentum four-point renormalized
coupling g [6-8,11]. For the observables that are traditionally studied in statistical me-
chanics, for instance the susceptibility or the correlation length, the crossover functions
can be computed to high precision in the fixed-dimension expansion in d =3 [6-8].

Let us now consider the medium-range case. Following Refs. [ 16,17] we assume that
J(x) has the following form:

J for x € D,
JU)_{O for x € D, (1.3)

where D is a lattice domain characterized by some scale R. Explicitly we define R and
the corresponding domain volume Vg by
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VR:'—_'ZI, R252dIVsz2' (1.4)

xeD x€D

The shape of D is irrelevant for our purposes as long as Vg ~ R? for R — o0o. The
constant J defines the normalization of the fields. Here we assume J = 1/Vg, since
this choice simplifies the discussion of the limit R — co. To understand the connection
between the theory with medium-range interactions and the short-range model let us
consider the continuum Hamiltonian that is obtained replacing in Eq. (1.1) the lattice
sums with the corresponding integrals. Then let us perform a scale transformation [18].
We define new (“blocked”) coordinates y = x/R and rescale the fields according to

by = R gy, hy=RY?hp,. (1.5)

The rescaled Hamiltonian becomes

R R N2
H=/ddy1 d’y, %J()’l —»2) (¢)’1 - ¢.\’2>

-~ 1 u ~ o~ o~
+/ddy [%r¢§+ZF ¢3‘h_v‘¢y} » (1.6)

where now the coupling J(x) is of short-range type in the limit R — oc. Being short-
ranged, we can apply the previous arguments and define Ginzburg parameters:

G = (uR™4)" 47 = 2l gl (1.7)

Gy = R-4/2 (uR_d)(d+2)/[2(4—d)] = ,(d+D/(24=D)] p=3d/(4—d)_ (1.8)

Therefore, in the medium-range model, the critical crossover limit can be defined as
R — oo, t,h — 0, with T = t/G, h= t/Gy fixed. The variables that are kept fixed
are the same, but a different mechanism is responsible for the change of the Ginzburg
parameters: in short-range models we vary u keeping the range R fixed and finite, while
here we keep the interaction strength u fixed and vary the range R.

In this paper we will study a generalization of the model (1.1) in the presence of
medium-range interactions. We will show explicitly in perturbation theory the equiva-
lence between the crossover functions computed starting from the continuum ¢* model
and the results obtained in the medium-range model. As a byproduct we will also
compute the non-universal constants relating the two cases so that we can compare
the field-theory predictions with the numerical results of Refs. [17-19,22] without any
free parameter. The calculation will also give us analytic predictions for the large-R
behaviour of the critical point.

In numerical simulations (and also in experiments) the range R is always finite. It
is therefore important to understand the behaviour of the corrections one should expect.
We will show that for d > 2 the deviations from the universal behaviour are of order
R4, provided one chooses the scale R as in Eq. (1.4). These corrections are non-
universal and depend on all the details of the microscopic interaction: as a consequence
they cannot be computed in the continuum field-theory framework. In two dimensions
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the behaviour of the corrections is not computable in the perturbative expansion around
the mean-field solution. Indeed the perturbative limit we consider - first we expand in
1/R at r fixed and positive and then we take the limit + — O - does not commute
with the crossover limit. We conjecture that the corrections are of order log R*/R? as
already indicated by the numerical work of Ref. [ 18]. This behaviour has been explicitly
checked in the large-N limit.

The paper is organized as follows. In Section 2 we review the computation of the
crossover functions in the field-theory framework, extending the calculations of Refs. [6-
8]. In Section 3 we introduce our model with medium-range interactions and in Sec-
tion 4 we show that the expansion around the mean-field solution is equivalent to the
perturbative expansion of the ¢* field theory apart from non-universal computable renor-
malization constants. In Section 5 we discuss the corrections to the universal critical
behaviour. In Section 6 we compare our theoretical results with the Monte Carlo data
of Refs. {17-19,22] and we present a critical discussion of the crossover model of
Refs. [12,23}. A detailed comparison with Monte Carlo results for the self-avoiding
walk will appear in a separate paper [24]. Appendix A contains some details about
the computation of integrals with medium-range propagators, while Appendix B dis-
cusses the medium-range model in the large-N limit verifying explicitly various results
presented in the text.

Preliminary results were presented in Ref. {25].

2. Critical crossover functions from field theory

In this Section we report the computation of the various crossover functions in the
continuum theory. As we described in the Introduction, the idea is the following: consider
the continuum ¢* theory

H:/d"x B(aﬂ¢)2+%¢2+%¢“ : (2.1)

where ¢ is an N-dimensional vector, and consider the limit u — 0, t =r —r. — 0,
with £ = t/G = tu=% 4= fixed. In this limit we have

X=xG— Fy (1), (2.2)

E =G - Fe(D), (2.3)
where

x=Y (do- ¢, (2.4)

ELE o Y

¢ ~2d)(§;jx (o &) (2.5)

are respectively the susceptibility and the (second-moment) correlation length. The
functions F X(?) and Ff(?) can be accurately computed by means of perturbative field-
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theory calculations. There are essentially two methods: (a) the fixed-dimension expan-
sion [26,6,7], which is at present the most precise one since seven-loop series are avail-
able [27,28]; (b) the so-called minimal renormalization without e-expansion [29,11,30]
which uses five-loop e-expansion results [31,32]. In these two schemes the crossover
functions are expressed in terms of various RG functions whose perturbative series can
be resummed with high accuracy using standard methods [33,34]. Here we will con-
sider the first approach although essentially equivalent results can be obtained using the
second method. Explicitly we have for F, (¢) and Fe(7)

8
TN K _ y(x)
Fy(t) = x" exp /dx —_—V(x)W(x) , (2.6)
Yo
&
Fe(P) = (¢7)° exp -—Z/dx , (2.7)
W(x)
Yo
where 7 is related to the zero-momentum four-point renormalized coupling g by
N y(x) / 1
=— dx ———— d7 ————1| , 2.
= o e | 4 s (28)

8 Yo

v(x), v(x), and W(x) are the standard RG functions (see Refs. [27,28] for the corre-
sponding perturbative expressions), g* is the critical value* of g defined by W(g*) =0,
and y*, £*, to and yp are normalization constants.

The expressions (2.6), (2.7) and (2.8) are valid for any dimension d < 4. The
first two equations are always well defined, while Eq. (2.8) has been obtained with
the additional hypothesis that the integral over x is convergent when the integration is
extended up to g*. This hypothesis is verified when the system becomes critical at a
finite value of B8 and shows a standard critical behaviour. Therefore Eq. (2.8) is always
well defined for d > 2, and, in two dimensions, for N < 2. For N > 2, one can
still define 7 by integrating up to an arbitrary point go. For these values of N, t varies
between —oo and +o00.

We will normalize the coupling g as in Refs. [27,33,28] so that in the perturbative
limit g — 0, ¥ — oo, we have
1 N+8 < d) F(d=4)/2 ~(d~4)/2

—T{2- = = Mgt

Y 2amin 3 2 2

4
This implies that for yo — 0 we have g ~ (yo/A4)% =%, and (£*)%19 = x*to =~ 1.
For future purposes we will be interested in computing the expansion of Fy(?) for

t — oo. In two dimensions we have

4 A review of present estimates of g* can be found in Refs. [34-37].



A. Pelissetto et al./Nuclear Physics B 554 [FS] (1999) 552-606

557
1 N+2 247F\ N+8 Dy(N) s
F =14+ —=1 = O(t “log™t
(=73 { t Og(N+8> Yo T T +0(log’ D

(2.10)
where

2
. log ¢*
4 g*+N+8 Ogg>

N+8 / dx y(x)
247 X V(x)W(x)
0

1 N+2
S 2.11
+)C_FN-{—S} ( )

2, g* should be replaced in D,(N) with the arbitrary point go that has been
used to define 7.

N+38 1 N+
Dz(N)=-§——(

[O/dz (v(z)wm " lﬂ

For N >

Analogously in three dimensions we have

Pt li+ N+2 N+2 (487Vi
-7 242 28877 F

N+38
2TN? + 52N — 472 D3(N) 3
— O3 logt 2.12
e 1 T ogh) (212)
where
N+8 1 12 1 8(N+2)
Di(N) = I B SR | *
MN) = (4877) [g*z Ni8g (Ni8?2 © ]
2 & X
(M) [ St e | [ (e + )
487 x2 ) v(x)W(x) P v(z)W(z) ¢
0 0
2 12 8(N +2)
Z ) 1
tI NS (N+8)2x} (2.13)
In the large-N limit we have simply
2
D3(N) = —

N
e HOw. (2.14)

The expansions (2.10) and (2.12) are nothing but the standard perturbative expansions
For generic values of d we have

~ 1 ~
FX(t) = ?Zant_Amf,

(2.15)
where Apr =

(4 — d) /2. For d =4 — 2/n additional logarithms appear in the expansion.
The reason of this phenomenon is well known [38-40]:

the critical crossover limit
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corresponds to the massless limit of the standard ¢* model which is known to have
logarithmic singularities for these values of the dimension.

The functions F,(7) and F¢(f) can be computed using the perturbative results of
Refs. [27,28], a Borel-Leroy transform that takes into account the large-order behaviour
of the perturbative series [41,42], and a standard resummation technique [33]. Explicit
expressions can be found for N = 1,2,3 and d = 3 in Refs. [6,7]. Here we compute
Fy(7) and Fg(7) for the Ising model in two dimensions using the four-loop results of
Ref. [27]. In order to improve the precision of the results, by means of appropriate
subtractions, we have forced the resurnmed expressions to have the correct asymptotic
behaviour for  — 0, i.e. F\(7) ~ 17, Fe(f) ~ 12, with y = 7/4, v = 1. The
resummed expressions are well fitted by

- 3/16
~ 1 2logt 0.9705 0.3513 0.01712 0.001822
F.(t)y==|1 = = = , (216
x (1) [ Tttty gttt A ] (2.16)
~ 1/4
~ 1 logt 0.7377 0.1635 0.00390  0.000275
Fe()y== |1 = = = , 217
€t t [ YT T e » * } (217)

The resummation errors on F, (1) (F¢(7)) are less than 0.1% for £ 2 0.2 (1 2 0.1), at
most 3% (4%) for smaller values of . The fitted expression introduces an additional
uncertainty which is less than 0.3%.

The constants Dy(N) are non-perturbative constants since they require the knowledge
of the RG functions up to the critical point. By means of a Borel-Leroy transform,
working as before, we obtain in three dimensions

D3(0) =0.002473(6), (2.18)
D (1) =0.002391(6), (2.19)
D3(2) =0.002204(5), (2.20)
D3(3) =0.001920(3). (2.21)

In two dimensions we have
D;y(1) = -0.0524(2). (2.22)

The results we have described above apply to the high-temperature phase of the model.
For N =1 the critical crossover can also be defined in the low-temperature phase [8]
and the crossover functions can be computed in terms of (resummed) perturbative
quantities. Using the perturbative results® of Ref. [8], we can compute F,(f) in
the low-temperature phase of the three-dimensional Ising model. For [f| > 1073 the
numerical results are well fitted by

5 Some perturbative series contained small errors, see footnote 27 of Ref. {20].
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PPy = (14 000019 PP 00140674 0.0021871
T 1 ne i

0.000150048  4.82764 x 107 578079 x 10_8}

=7 = — =n (2.23)

The error due to the approximate form given above is at most 0.3%, while the resum-
mation error is less than 0.1%. For |f] < 107% we can use

F (D) = [f]~157 (006125+13455 772 4 1.515257 — 1243957 ) (2.24)

with errors of order 0.2%. The resummation error varies approximately from 0.1% to
3%.

In the low-temperature phase we can also study the magnetization. Using the results
of Ref. [8] we have

Fu (D) = (o)u'/?

= Ja (14 2324, 002751, 0.001247 , 0.0000128 00868
=4/3| 172 ¥ =7 = .

(2.25)
For |f] > 1074, the error on this function is at most of order 0.5%.

We have chosen the expressions (2.23) and (2.25) so that they reproduce the exact
large-f behaviour of the crossover functions:

1

Fr(0) = Zﬂ ( 1677\/M”°
Fy (1) = /31 (1 + f”‘l/z +0(t ‘logz)> (2.27)

Notice that the leading correction to F X(?) is negative so that F' X(t~) is non-monotonic.
Such a behaviour has also been observed numerically [18] and predicted analyti-
cally [20] in two dimensions.

+0(r 'og t)) (2.26)

3. The models and the critical crossover limit

In this section we will study the critical crossover limit in the presence of medium-
range interactions by performing a systematic expansion around the mean-field solution.
In particular we will show how to compute the critical crossover functions as a pertur-
bative expansion in powers of 1“~*/2_ A general discussion of the mean-field limit can
be found e.g. in Refs. [43,34].

Generalizing the discussion of the Introduction, we assume we have a family of cou-
plings J,(x) that are defined on a d-dimensional cubic lattice and that are parametrized
by p. For each coupling J,(x), we define, in analogy with Eq. (1.4), the following
quantities:
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VPEZJ,,(x), (3.1)
2dV szJ (x), (3.2)
and
— 1
p

where J,(q) is the Fourier transform of J,(x). In the following we assume that there
is a one-to-one correspondence between R and p, so that we will interchangeably think
of the various observables as functions either of p or of R.

Notice that because of the definition (3.2) we have for ¢ — 0

TTr(q) ~ R*¢*. (3.4)

We assume that
(i) Jr(x) is uniformly bounded in x and R, i.e. |Jr(x)| < C, independently of x and

R;

(i) Vg and R? are finite for finite values of p. For p — 0o, R? — 400 and Vg ~ RY;

(iii) the system is ferromagnetic, i.e. ITg(g) > O for all ¢ # O in the first Brillouin
zone;

(iv) TTr(g/R) has a finite limit for R — oo at fixed g, i.e. [Tx(g/R) — [(q). This
assumption is equivalent to requiring that Jr(Rx) has a finite limit J(x) for
R — oo at fixed x. Furthermore we assume that Jo,(x) is infinitely differentiable
in x = 0 so that the integral fd"q g*"(1 — II(g)) exists for any n. Notice the
following asymptotic property of I7(q): because of Eq. (3.4) we have I7(q) ~ g*
for ¢ — 0.

We will investigate the properties of a class of models that generalize the theory defined

in Eq. (1.1). We will consider a Hamiltonian of the form

_—_ZJR(XI - x2) Px " Px; +Nzhx P> (3.5)

X1,X2
where ¢, are N-dimensional vectors, and a single-site measure du(¢,) which we will
assume of the form

du(eyx) :e_V(‘FJ)de,h (3.6)

where V(¢,) is an even function (often a polynomial) of ¢, which is bounded from
below and that satisfies V(x) ~ |x|?, p > 2, for |x| — oo. The partition function is
defined by

ztn = [ [Jautere™”. (3.7)

The Hamiltonian we defined in the Introduction is a particular case of the general model
we discuss here. Indeed consider a family of domains Dy and define
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i if x € Dg,
J = 3.8
#(x) {O otherwise, (3.8)
and
Vig) =@+ (g2 = 1), (3.9)

with A > 0. It is easy to see that Jg(x) satisfies all the assumptions, as long as Dpg
satisfies some simple requirements, see Appendix A.1. To derive the relation between
the two models (for simplicity assume h, = 0) let us rewrite the partition function as

N 2 2
z10] =/Hd¢x€XP{BTZJR(X—)’) e 0y - [P+ Al — 1)~]}.

X

(3.10)
Then we rescale the field
—1/2
NV,
@y = (E__R> b (3.11)
2
and define
4(1-121) 96\
reE — -2, U= ———. 3.12
BNV (BNVg)? ( )

In terms of ¢ we obtain again Eq. (1.1) with the coupling defined by Eq. (1.3). As we
shall see in the following, the large-R limit is well defined if B8 goes to zero as 1/Vx.
Thus r and u remain finite as R — oo so that the large-R limit of the Hamiltonian (1.1)
and of the model defined in this section are identical.

For A — oo, the model with partition function (3.10) reduces to the so-called N-
vector model which can be seen as a particular case in which

dule:) =8(gr — DdVe,. (3.13)

The coupling Jr(x) defined in Eq. (3.5) 1s ambiguous for x = 0. Indeed one can
define a new coupling and a new single-site measure

Jr(x) = Jr(x) — K8y, (3.14)
dii(e,) = du(g,) eVPKer? (3.15)

without changing the results. This step, which at first sight may appear trivial, can
be interpreted as a mass renormalization needed, as we shall see, to have a scaling
theory. It is also needed from a mathematical point of view: in order to make the
following derivation mathematically rigorous, we will require K to be such that the
Fourier transform fR(q) satisfies fR(q) > 0 for all values of q.

Let us now discuss the critical limit of the model. If we consider the critical limit
with R fixed, Eq. (3.7) defines a generalized O(N)-symmetric model with short-range
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interactions. If d > 2, for each value of R there is a critical point® B.z; for 8 — B.r
the susceptibility and the correlation length have the standard behaviour

XR(B) =AY (R)ITY(1 4 B, (R)tY), (3.16)
EX(B) ~ As(R) ™2 (1 + Be(R)1?), (3.17)

where t = (8.8 — B)/Bc.r and we have neglected additional subleading corrections.
The exponents y, ¥ and 4 do not depend on R. On the other hand, the amplitudes are
non-universal.” For R — oo, they behave as [17,18]

AX(R) R:A;oRZd(]—Y)/M—'d), Af(R) ~ AgoR4(2—dV)/(4—d)’
By (R) ~ BPRX4/ (4= B¢ (R) m BPRM4/(4=a), (3.18)

The critical point 8, z depends explicitly on R. For R — oo we have B, g ~ 1/R* with
corrections that will be computed in the next section.

Let us now define the critical crossover limit. In this case we consider the limit [ 17,18]
R — oo, t — 0, with R¥/4=4¢ = T fixed. We will show perturbatively in the next
section that

YR=R7ED yo(B) — Fr (D), (3.19)
E=RYEDEBY - £ (D), (3.20)

where the functions f X(?) and f;(?) are universal apart from an overall rescaling of 7
and a constant factor, in agreement with the argument presented in the Introduction.

There exists an equivalent way to define the crossover limit which is due to Thou-
less [15]. Let ,823’;‘)) be the expansion of B.gx for R — oo up to terms of order
R=2d/4=d) [y, e such that

Jim RGO B (g — B = b, (321)
with |b.| < 4-00. Then introduce
F= R/ G- glep) =1 (glem) _ gy, (3.22)

It is trivial to see that in the standard crossover limit 7 = 7 + b,. Therefore the crossover
limit can be defined considering the limit R — oo, 8 — B%” with 7 fixed. The
crossover functions will be identical to the previous ones apart from a shift. Thouless’
definition of critical crossover has an important advantage. It allows the definition of
the critical crossover limit in models that do not have a critical point for finite values of
R: indeed, even if B,z does not exist, one can define a quantity B3 and a variable

C,

% In two dimensions a critical point exists only for N < 2. Theories with N > 3 are asymptotically free and
become critical only in the limit 8 — oo.

7THowever, some ratios of correction-to-scaling amplitudes are universal. For instance B:(R)/By(R) is
universal and therefore independent of R.
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T such that the limit R — oo with 7 fixed exists.® Moreover, as we shall see, S5 is
known analytically: therefore, in the analysis of Monte Carlo data, no computation of

B..r 1s needed and a source of errors is eliminated.

4, Mean-field perturbative expansion
4.1. General framework

The starting point of our expansion is the identity [44,45] ~ we use matrix notation
and drop the subscript R from Jg(x) to simplify the notation -

~ - —N/2 N -
exp {—Na’qgojgp] = (detNﬂJ) a%%ﬁexp{N [—~2—1E¢J"'¢ + d)qo] } )

(4.1)

where ¢ is another N-dimensional vector field. The second ingredient is the single-site
integral that defines the function A(¢):

2™ = /dﬁ(w) e, (4.2)

where z is a normalization factor ensuring A(0) = 0. If we choose the single-site
measure given in Eq. (3.6), we obtain the explicit formula

2

o0
2eNAP) 27TN/2/dx KN = V() +NBKN? 2 (
Nx|é|

Nj2—1
) Iy (Nx|pl). (4.3)

Notice that Eq. (4.3) has a regular expansion in powers of ¢?, giving finally

o0

A(d) = kZ (gﬁf)!(&)k. (4.4)
=]

The first few coefficients are given by

a= /. (45)
3N )
a4=N+2[Nf4—(N+2)f§], (4.6)
‘—*—E&*—[sz —3N(N +4) AN+ (N+HA], (4T
aﬁ—(N+2)(N+4) 6 fafa +2(N +2)( 3, (4
where

# This is the case of two-dimensional models with N > 3, see the discussion in Section 4.2, and of one-
dimensional models with N 2> 1. In the latter case we can take B‘(,.c,’;p) = 1/(@,Vr) where 7 is defined in

Section 4.1.
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2
fooo dx xN+k—1,—V(x)+NBKx /2

fe= f0°° dx xN—1p-V(x) FNBK=/2

(4.8)

The results for the N-vector model are obtained setting f; = 1 in the previous formulae.

The coefficients ay, depend on the various parameters that appear in the single-site
measure, and on BK. In the following we will assume V(x) to be independent of R,
although considering R-dependent potentials does not introduce any significant change
in the discussion as long as limg_,oc V(x) exists and is finite. Under this assumption
ay, depends on R only through the combination SK. In the following we will always
consider the limit R — co with 8K — 0, and therefore we will introduce

Gy = lim ay. :
Qo Blyﬂoazk (4.9)

We will discuss the generic case® in which @; < 0. If one tunes the parameters
appropriately one can obtain d@s = 0 and a different critical limit. We will not consider
these cases here. For a discussion in the large-N limit, see Appendix B.1. In our
expansion around the mean-field solution we will need the expansion of a; in powers
of BK. Explicitly we have

N+2
azzﬁz—f—ﬁK[ 6; a‘4+a§}
N+2)(N+4)_ N+2__ _
+,82K2[( 12)0(N2 )a6 N a4a2+a3] +0(BK>). (4.10)
Using Egs. (4.1) and (4.2) we have
1 ~
Z[h] o</1:[d¢x exp{N —EE¢J“¢+EX:A(¢X+}M)J}. (4.11)

The correlation functions of the ¢-fields are obtained by taking derivatives with respect
to h,. Using the equations of motion, it is easy to relate them to correlations of the
¢-fields. For instance, for A, = 0, we have

(Pr-@y) = *é (A")” + é VM; (f—l)xw (f—‘)yz (b - B2), (4.12)

where the expectation value (@; - ¢,) is obtained using the Hamiltonian (3.5), while
(¢w - ;) is computed in the model (4.11).

Now let us consider the (formal) perturbative expansion of the theory (4.11) with
h, = 0. It corresponds to a scalar model with propagator given by

9 Formally the discussion we will present requires only @4 # 0. However, for a4 > 0 the expansion we
obtain would correspond to a ¢* model with negative coupling. We therefore expect that potentials V(x)
such that @4 > O correspond to non-critical models. This can be checked explicitly in the large-N limit for a
potential containing a ¢* and a ¢ coupling. In the large-N limit one can check explicitly that @4 < O is a
necessary condition in order to obtain the critical crossover limit, see Appendix B.1.



A. Pelissetto et al./Nuclear Physics B 554 [FS] (1999) 552-606 365

1 T
g =18l (4.13)
N1~ aBT(q)
and vertices ¢*, ¢%, .. ., that can be read from the expansion of the function A(¢), see

Eq. (4.4). Let us now define
1 K
1

7 _ =2
a Ve B M Ve

I

) (4.14)

and consider the limit 8 — 0, R — oo with K and 7 fixed. If 7 > O this formal
perturbative expansion defines an expansion in powers of R™¢. To prove this result let
us first rewrite the propagator as

~ 1 BK 11 1-T(g
“(")—N[ (+@BK a1+ amPKTi(q) 17

Now let us consider a generic /-loop graph. It has the generic form

(Hazk,) Q(N)/H (zq’;d HA(q,,) H(zvr)"a Zq,, , (4.16)

where Q(N) is an N-dependent constant. Let us now expand E(q) in the graph using
Eq. (4.15). We obtain a sum of terms that can be represented as graphs in which each
line is associated to a propagator Zz(q); these graphs are obtained from the original one
contracting the lines corresponding to A A generic term has the form

(Al)"/ﬂ(z"’;'dﬂﬁz(q,;» [Tem?s | > e ), (4.17)
i<j ! J

corresponding to an m-loop subgraph. Now notice that, because of the assumptions we
have made at the beginning, 4,(q/R) converges, for R — oo at fixed ¢, to a function
4 (q) given by

1 1-10H(q)
mN IT(g) +1’

]=21 + &(q). (4.15)

4(q) = (4.18)

that is integrable for all positive 7. Then change variables in Eq. (4.17), setting ¢;; =
pii R, and then take the limit R — oo in the integrand, keeping 7 fixed. We obtain

(,i'l,,)," /H(gf;;,, [T H(27T)"5 Zq,, : (4.19)
i<j

i<j

where the integration is extended over R?™. The integral is R-independent, and, as long
as 7 is positive, it is finite. Since A ~ R4, the leading contribution of this graph
behaves as R™4"*™ Obviously m 4+ n > I (the equality corresponds to those cases
in which all lines with 4, belong to one-loop tadpoles), thus proving that the leading
contribution of an I-loop graph behaves as R=%.
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It is immediate to see that the perturbative expansion is not uniform as 7 — 0.
Indeed for d < 4 infrared divergences appear, so that the coefficients of the expansion
diverge as T — 0. If one expands these coefficients in the limit 7 — 0 and chooses K
appropriately — this corresponds to a mass renormalization and fixes the expression of
BLGP) - one obtains a new series which is a perturbative expansion in powers of 714~/2
with additional logarithms if d = 4 — 2/n, n € N. The resulting expression can then
be interpreted as the expansion of the critical crossover functions for T — 00, provided
that the limit R — oo at f fixed followed by 7 - O is identical to the crossover limit.
It is important to stress that this commutativity is not an obvious fact and indeed it is
not true at the level of the corrections to the universal behaviour. In the following we
will also show that graphs containing 6-leg (or higher-order) vertices can be neglected
in the critical crossover limit. In other words, one can simply consider the ¢* theory
obtained from Eq. (4.11). This will explicitly give the relation between the crossover
functions computed in the medium-range model and those obtained in the field-theory
framework of Section 2.

We will first discuss the two-dimensional case, in which all these features can be
understood easily, then we will present the general case.

4.2. Two-dimensional crossover limit

We wish now to discuss the critical crossover limit in two dimensions using the per-
turbative expansion of the model (4.11). Let us consider the zero-momentum correlation
function

G = Z ()0 () ($)5uByi - b1,) (4.20)

X25eeey Xty Y1 aeens Yt

which contains m insertions of ¢? and n fields ¢, and its one-particle irreducible
counterpart """,

Let us consider a generic [-loop graph contributing to """ and, to begin with, let
us suppose that it does not contain tadpoles. We will be interested in the crossover limit
f— 0, R — oo with R%7 fixed. After expanding A(g) = 4y + 4>(q), we will obtain,
apart from numerical factors, an expression which is a sum of terms of the form (4.17).
We wish now to show that, if K increases with R at most logarithmically, we can
disregard all terms containing 4;. In other words, we can stmply substitute A(g) with
Ay( g) in the original graph. To prove this result, we begin by taking the limit R — oo
keeping 7 fixed and rewriting the integral of Eq. (4.17) in the form of Eq. (4.19). We
should now consider the behaviour of this integral for ¥ — 0. Simple power counting
indicates that the integral is infrared divergent in this limit. Let us suppose that the graph
associated to Eq. (4.19) does not contain tadpoles. In this case, in order to compute
the leading infrared contribution, we can substitute 4;(g) with its small-g expansion
1/(axN(g* + 1)) and then rescale ¢ = Ip?, obtaining
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N dp; I J
R2(Zm—Mim) E (2m)d EP%+1 H(Zw) 8 EI:P,;/ ; (4.21)

where m is the number of loops and Mj, the number of internal lines. Since, by
hypothesis, the graph associated to Eq. (4.21) does not contain tadpoles, the integral is
finite and thus the prefactor gives its behaviour in the crossover limit. If the integral in
Eq. (4.19) is associated to a graph with tadpoles, it can be written as the product of an
integral associated to a graph without tadpoles, and therefore behaving as in Eq. (4.21),
and a power of the one-loop tadpole integral. Now, using Eq. (A.56), we have

2

d*q R _
N[ - )~ ——— [ (D~ —
/(277)2 2(q) a;(1 + a2, 8K) 1R (1) drray

- C
log 7+ —. (4.22)
a@
Therefore, neglecting logarithms all contributions behave as R™2(2"~Mw) 41 in the
crossover limit. Now, if K increases at most logarithmically, 4; behaves as 1/R? modulo
logarithms. Therefore all terms of the form (4.19) behave as

(log R*)?

- = i
R2(2m—Mim+n) ’ (4;3)

for some p. Now, if Nj, is the number of internal lines of the original l-loop graph,
Nint = Miy + n. Moreover if the original graph does not contain tadpoles m + n > [ for
n > 1. Thus, forn > 1,

2m4+n— M =2(m+n) — Nipe > 21 — Njnt. (4.24)

Therefore contributions with 21 decrease faster and can be neglected. Thus the original
[-loop graph we started from can be computed replacing A(g) with 4;(g) and scales as

U oong (RZE)I_N““

RY T R2E=Na) (4.23)

without any logarithm.

We should now consider graphs with tadpoles. As we already discussed these con-
tributions can be written as the product of an integral associated to a graph without
tadpoles, and therefore behaving according to Eq. (4.25), and a power of the one-loop
tadpole diagram.

Now, using Eq. (4.22), we have

d*k ~ BK ]
Ak = ——"2 -
a2 =1k TR | dra

e
logt+f +o(R™Y).  (4.26)
2

The parameter K is free and we can take it R-dependent at our will. We should also
define ﬁf_?,gp’, i.c. the scaling behaviour of the temperature 8. To fix these two variables
we require that the tadpole scales as R=% for R — oo without logarithms and that
T ~ R~2. This can be achieved by taking
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R 2 Co
= R+ 2Ly, .
K IR log +R2 R (4.27)
~ N+2d, 1 -
P=R |1 -2 0o R mBvi] 428
[ 2N R R ek —@p R} (4.28)

where ¢g is an arbitrary constant. In the derivation we have used the expansion of a; in
powers of BK, see Eq. (4.10). With this choice we have

IS U _
t=ﬁ(t+co) +0(R™Y), (4.29)
N/ Lk A(k) ! Lo (T+3) + Cy — co| +0(R™?) (4.30)
—5 = - - o , .
(2m)? DR | ar 08 o)+ t2 =<
where
- N+2a,
- @ 431
Co N E%CO ( )

Therefore, with this choice of K, in the limit R — oo, 8 — 0, with 7 fixed, the tadpole
scales as R™2, without logarithms of R2. It follows that all graphs scale as in Eq. (4.25)
with additional logarithms of (7R?).

Now, a simple topological argument gives

n 1
2l—Nim=2—m—-5+§;(k—4)Vk, (4.32)

where Vj is the number of k-leg vertices. Therefore, the graph scales as

(RZ?) [—Ninl

e R, (4.33)

with additional powers of log(R??). In the limit R — oo, T — 0, with 7 fixed, the
previous formula shows that graphs that have one or more vertices with six or more legs
vanish faster for R — oo than graphs containing only 4-leg vertices. This means that in

this limit we can simply ignore the ¢%, %, ..., terms in Eq. (4.11). In conclusion we
obtain
fv(nl,n) = F(m,n)R4—2m——n = (/[\-f- EO)Z—n,—n/Z Z i’w[(m,n)’ (434)

!

where I’ 1( ™" behaves as 7! times logarithms of 7. Therefore the loop expansion provides
the expansion of the critical crossover functions in the limit  — oo. For instance, if one
considers the susceptibility, one obtains at two loops,

Fy (D) = lim yR™?
R—o0

a N +2d, 1 1 -~ .
= - ——=— —log(t+ cg) + ¢ — C:
t+co 6N @ (t+7y)? |47 8( o) 0 2
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(N+2)’a; 1
36N? @ (1+Co)?
1

1 ~ 2H ~ a4
—_—— — — —_— t , (4.
7 <4 log(t +¢o) + co C2> + N 2:] +0(( + ¢o) ) (4.35)

1 N 2
[(G log(t +¢cg) +¢o — C2>

where H = 554/(1) — %. o

This result should not depend on co. Expanding in ¢t for t — oo it is easy to check
that no dependence remains and we can simply set ¢y = 0.

From the discussion we have presented, it is clear that the crossover functions can be
obtained directly in the standard ¢* theory with Hamiltonian

/d"x [%Za,ﬁp CGud + Srd? + %ud}“} . (4.36)
72

Indeed all graphs, except the tadpole, have been computed using the propagator of this
theory. The tadpole has been dealt with differently as it should be expected: indeed this
is the only ultraviolet divergent diagram. Therefore we have proved that we can rewrite

Fy(D) = p Fy [s(T+ )], (4.37)

where F, is the crossover curve computed in the short-range theory and that was
explicitly expressed in terms of RG functions in Section 2. In field-theoretic terms u, is
the field renormalization, s is related to the difference in the normalization of the fields
and of the coupling constant and 7 is the additive shift due to the mass renormalization.
Comparing the expansion (2.10) with Eq. (4.35) we obtain

=3
AL

it
as

= (4.38)

o Na (4.39)

G s

a4y [N+2 247 NG N+8 N+42
& 24 6

= + Dy(N) + —— +
Na: | 24 (N + 8)[a] 2N)
(4.40)
where D, (N) is defined in Eq. (2.11).
For the N-vector model we obtain

N+2
fy= —— (4.41)

(4.42)

i 4m(N +2) 6Dy(N) 1 N+8
= Jog (A E2) — . 4.43
T 4m °g< N+8 )+C2+ N+2 anNt2 (4.43)

As a final remark we wish to notice that we have followed here Thouless’ approach to
the critical crossover. For N > 3 this is the only possibility since no critical point exists.
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For N < 2 the crossover functions defined in this way differ by a simple shift given by
the constant 7 computed above.

For N < 2 our results give also the large-R behaviour of the critical point. Since the
critical theory corresponds to f = 0 where 7 is the parameter appearing in the field-theory
crossover functions, we have

1 N+2a 1
o= 1 2

log R? + — +o(R—2)] . (4.44)
a2VR

247N G ‘2 R? R?

Notice that this result depends explicitly on the single-site measure through @, and ay,
while it does not depend on the hopping coupling J(x). Indeed all the dependence on
J(x) is encoded in the expansion variable R?. For the N-vector model we obtain the
simpler and N-independent expression

1 1 ,
Ber = v [14-4 = logR +R2

The presence of a logarithmic factor in 8. was already predicted by Thouless [15] in
a modified Ising model.

+o(R™ 2)] (4.45)

4.3. Three-dimensional crossover limit

The 1deas of the previous paragraphs can be generalized to any dimension d < 4. For
generic values of d one works as follows: first one considers the graphs with / loops
contributing to the one-particle irreducible two-point function, where [ satisfies

2d

dl < ypupL (4.46)
computing their contribution in the limit R — co, 8 — 0 with TR?4/(=9) fixed. Then
one fixes the scaling behaviour of K in order to cancel all the terms that scale faster than
R=24/¢4=) The expression of 8% is obtained requiring 7R?4/*~%) 1o be constant for
B — 0 and R — oco. The perturbative expansion becomes an expansion in powers of
714=4)/2 with additional logarithms when 2/(4—d) is an integer, i.e. for d = 4—2/n. The
reason for the appearance of these singular terms is well known [38-40]: the critical
crossover limit corresponds to the massless limit of the standard ¢* theory which is
known to have logarithmic singularities for these values of d.

Let us now discuss in more detail the three-dimensional case. For d = 3 we should
consider the one-loop and two-loop graphs in the expansion of the two-point function
(p?¢?). If I'®? s the irreducible two-point function at zero external momentum, we
have at two loops

P N+2 (N+2)?
PN TR T e T T e T

N+2 . (NN

TR A T T oNe T (447)

where
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d3

ri=N [ Sk, (4.48)
dq -

T2=N2/<—2~7T—q)—34(q)2, (4.49)
dq &Pk

n=N [ 5 ")%(2 )3A(q)A(k)A(q+k) (4.50)

Now, using Eq. (A.46), for BK ~ O(R™3) - we will show in the following this is the
correct asymptotic behaviour ~ we have

n=-rt : I g (D)
"TTT Y mBK T (1 + aBK) R
‘ - i
= (1~ @BB) (e - apK) - oo Ré (1R + 0(R™). (4.51)

The estimate of 73 is easy and we find, cf. Eq. (A.49),

1
T, = > (F RG) 1 o(RY). (4.52)
877'a2
Finally, using Eqs. (A.46) and (A.72) we obtain for 73 — we will call the associated

graph “two-loop watermelon™ —

]

— | ———log7+ C R™® 4.53
a§R6 32 2 og + 3 +0( ) ( )

3=

where C; is a constant given in Eq. (A.73).
Now let us consider the terms that scale slower than R™% for R — oo at 7R® fixed.
Using the previous results we have

N+2as N+2 dai

e ;2-(1—612/31()(111% @pK) — 1550 3R61 og R?
N +2)-
- (36N2) aTiT,. (4.54)

At first we neglect the last term proportional to 717>. If K has a finite limit for R — oo
and 7 ~ R~ in the same limit, using Eq. (4.14), we obtain 8= 1/(@Vz) (1+0( R™)).
We can then determine K by requiring the expression (4.54) to be of order R~°. This
gives

- 1 a1
K= VR {II,R + g4 OgR2 + _:I B (455)

LI
3272N @ RS RS

where cq is arbitrary. The scaling behaviour of 8 is obtained requiring 7 ~ Q(R™¢). If
we introduce a variable 7 related to 8 by

1 N+23 [- 700 TS B
- 1 - Tig+ s 2 log R?| ~ = b, 4.56
A EzVR{ 6N 2 [ RE AN Z RS R } } (4.56)
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and define the critical crossover limit as the limit 8 — 0, R — oo with 7 fixed, we find
that indeed 7 ~ R~5. More precisely, using Eqs. (4.14) and (4.10), we have

TR =T+ Co+c1+0(R%, (4.57)

where

2 [(N+)(N+4as  (N+2)Pa N+2a
120N2 @ 18N2 g8 ' 6N @]’

c = (4.58)

o is defined in Eq. (A.40), and ¢y is related to ¢p by Eq. (4.31). Notice that for R — oo,

K converges to a constant, cf. Eq. (A.39), and 8 = 1/(a@,Vz) as it was claimed before.
Using Eqs. (4.56) and (4.55) we can rewrite T} as

1 54 1 2 -6 E4 —6
)= ——————1logR*+O(R™")=——T3 + O(R™"). 4.59
Let us now go back to Eq. (4.54). We should now deal with the term proportional to

T\T, that was neglected in the previous treatment. We have

N+2Y2a@ ,_ —12 1

roo - W2 1 e — log R* + O(R®). 4.60

5216 23 | ) gelog R+ O(R) (4.60)
Because of the presence of the logarithm, this term does not scale correctly. However,
it is of order 1/7'/2, and terms of this order appear also at three loops. We will now
show that this contribution is cancelled exactly by the contribution of the three-loop
graph in which the tadpole has been replaced by the two-loop watermelon. This graph

is associated to the integral

(2m)3 (27)3 (2m)3

It can be rewritten as

dp dq d&r ~ -~ o~
T4=N5/ b q AP) AP A Alp + g+ 7). (4.61)

&sp dq d&r
(2m)3 (2m)3 27)>
X A(p)2A(Q) A(r)[A(p +q+r) — A(g+1)]. (4.62)

Ta=T3T, + N?

In the crossover limit the last term can be easily computed using the technique presented
in Appendix A.3. It is easy to see that we can neglect the contributions due to 4;, and
that we can replace

1 1

Ay (k L —
2B = PR T

(4.63)

Thus, neglecting terms o(R™%), we have

(TR6)~1/2 d&’p d’q &
a3 RS 2m)3 (2m)3 (27)3

Ta=T5T> +

1 1 1
CPTH DA DD [<p+q+r>2+1"<q+r)2+1 - (460
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Thus, if we keep only terms of order R=%log R?, we have simply Ty = 73T». Then
including the combinatorial and group factors we find the total contribution

C(N+2) 4 ~ (N +2)?
108N3 4% T T108N?
_(N+2)?
36N2
where we have used Eq. (4.59). Comparing with Eq. (4.54) we see that the logarithms
cancel, as claimed at the beginning.

This calculation illustrates the general mechanism in three dimensions. Consider a
graph with only ¢* vertices that does not have tadpoles or two-loop watermelons as
subgraphs. In the crossover limit the contribution of this graph can be computed ne-
glecting 4, and substituting Zz(q) with its smali-g expression. Following the argument
presented in two dimensions it is easy to see that an [-loop contribution scales exactly
as 1'~!/2. The same argument we have presented in two dimensions proves also that the
contributions of graphs with ¢%, @8, ... vertices are suppressed and can be neglected
in the critical crossover limit. Finally consider a graph with only ¢* vertices that has
tadpoles or two-loop watermelons as subgraphs. This graph generates non-scaling terms
involving powers of log R?. However, the logarithmic contribution associated to each
tadpole is exactly cancelled, using Eq. (4.59), by the analogous term which is as-
sociated to the graph in which the tadpole is replaced by the two-loop watermelon.
The sum of all contributions scales as R~° without logarithms of R2. Our discussion
proves therefore that the perturbative expansion corresponds to an expansion in powers
of 1/7'/2 of the critical crossover functions with additional logarithms of 7. Explicitly
for the susceptibility we obtain at two loops

S L @I+ O(R™Y)

@TT, + O(R™9), (4.65)

(fx<?))“'zR1Lm X 'r®

o~ N+2a4/~1/2 N +2a, e
= t —_—
Dt aNg, TRt N5,
N+2a; 1 ~ (N+2)? @

logt+ Cs| + _3+0(t 2 log1).

18N @ | 32wt 115272N2 g

(4.66)

As expected, the contribution proportional to ag at two-loops disappears in the crossover
limit: again only the ¢*-vertex is relevant. The result is also independent on cg.

The discussion we have presented shows also that the critical crossover functions
can be computed in the standard continuum ¢* theory. Therefore, as we did in two
dimensions, we can write

Fr () = uyFy [s(E+7)], (4.67)

where F, is the crossover curve computed in the short-range theory and that was explic-
itly expressed in terms of RG functions in Section 2. Comparing the expansion (2.12)
with Eq. (4.66), we obtain
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=t (4.68)

5= , (4.69)

N+2 @ g< 487 NG ) @ D3(N) | @ 9N? — 20N — 544

TN g B\ o) ta e T2 o
N+2a N +2a;
et % 2 G, (4.70)

6N 27 T BN @
where D3(N) is defined in Eq. (2.13). For the N-vector model these equations become

_(N+2)?
My = “ 36
(N +2)2
T3
B 1 8 (N +2) 36D3(N)
T8Nt O ( (N+8) ) (N+2)?
9N? — 20N — 544 2Cs
576m2(N +2)2 N +2
As remarked in the previous section, Eq. (4.56) gives us the behaviour of the critical
point B g up to terms of order R~5. We have

(4.71)

(4.72)

(4.73)

1 N+2a, |- I a1 ) T —6
= 1— = (I ———-—>—1logR — R .

Per = 2 Ve { 6N 2 [ W N g g6 OER | + g T o(RTD)

(4.74)
In the N-veclor case, this expression simplifies becoming
1 - 3 1 1 T

k= |1+ g————— _ JoeR*+ _ R™%|. 4.75
Ber VR[ TR e Ny e 08 R g o )J (4.75)

The first correction to Bc.r was derived in Refs. [46-48], while the presence of the log-
arithmic correction was predicted in a modified Ising model with long-range interactions
by Thouless [15]. Notice that for N — oo the logarithmic term disappears and that,
using Eq. (2.14), 7 ~ O(1/N) so that the resulting formula gives the exact large-N
prediction for B, x.

5. Corrections to the critical crossover functions

In this section we will study the corrections to the critical crossover functions. First
we will present the results for the three-dimensional case, which is the easiest one, then
we will discuss the corrections in two dimensions. To derive the behaviour of these
corrections we must introduce some additional hypotheses on the function Jr(x). We
will thus assume:
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(v) 3 (x?)2Jp(x) is finite. It follows I1(q) =~ ¢* + O(4*).
(vi) In the limit R — oo at fixed g, ITx(g/R) has an expansion in powers of 1/R>.
Explicitly

— 1
MTr(q/R) = 11(q) + Y 75 Tn(q).- (5.1)

n=1

Notice that, because of property (v), IT,(q) ~ g* for ¢ — 0.
5.1. Corrections in three dimensions

We begin by discussing the three-dimensional case. We will show at two loops ~ but
we conjecture that this is true to all orders of perturbation theory — that the leading
correction to the scaling behaviour is of order R, provided one appropriately defines
t. In other words, we will show that

- 1
X=fx(t)+i;;gx(ﬂ+... (5.2)

in the crossover limit for a suitable definition of 7. This type of behaviour should be
true for any dimension 2 < d < 4. It is obvious that an expansion of the form (5.2)
cannot be valid generically. Indeed if B(BXP) is such that Eq. (5.2) holds - 7 is defined
in Eq. (3.22) - consider Bt ; defined by

o) = BEP (1+ AR, (5.3)

with 0 < @ < 3. If Tnew IS the corresponding scaling variable we have fyew =7 + AR .
Therefore the two definitions are identical in the critical crossover limit. However, in
the variable fnew the corrections are of order R™¢.

Let us now go back to Eq. (4.47), and again let us neglect at first the contribution
proportional to T1T»>. The expression for 7} appearing in Eq. (4.51) is valid up to terms
of order R™? as it can be seen from the results of Appendix A.2. Using the expressions
for K and B, cf. Egs. (4.55) and (4.56), one finds that the leading correction in 7} is
of order log R?/R®. Let us now consider T3. Using the results of Appendix A.3 we find

1 ]
3R6 gz 292

] 9
Lr(t) +O(R™7) =

F;
Ty=— logt+C;+R]+O(R . (54)
”l
Therefore with the definition of B{%” appearing in Eq. (4.56) we would obtain cor-
rections of order R=2 and R™*log R%. We will now show that these corrections can be
eliminated with a proper redefinition of the expressions of K and B(exm Considering

for simplicity the N-vector case [we have a; = I, and a3 = —6N/(N +2)] we assume

_ 3 ! N T SR
| - 3 Lo, 7 b bo , |
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where K|, K>, by, and b, are constants to be determined. Then the corrections of order
1/R® and log R>/R® in T) and T, are the following:

1 _Kl (’t\+0,2)~1/2:, L

T1=...+[—K1+

R8

o 1 il 3 o log R?
{ Kt sy T Li+od (bz Kyt g 2N+2>]——Rg
+O(R™?), (5.7)

_ by .o )1

Tz=.. +[F3+ 3272 (l+ ) ]RS
9o - 3 0o log R® 9
— — Ky O(R™),
+[ 32772+32 3(T+0%) < 2+87T2N+2)} g TORT)
(5.8)

where the dots indicate terms that scale as R—% and R~%log R%. To cancel the unwanted
corrections we must require that the combination T} — 275 /(N +2) is free of terms that
scale as R™% and R~?log R?. In this way we determine the constants K, K;, b;, and
by. Explicitly

2F3 3 a
“Ne Tty
We must now consider the terms proportional to 717;. As we already discussed before
we must consider at the same time the diagram associated to 74. A simple analysis
shows that Eq. (4.64) has corrections of order O(R~?) which are therefore negligible
in the present discussion. Therefore, including the combinatorial and group factors we
must show that

21T5 273
Iyt =H|TI —- —— 5.10
2T N2 2(' N+2) (5.10)

K] = b] = (59)

is free of terms that scale as R~ and R=%log R%. We have already shown that the term
in parenthesis has this property. For 75, using Eq. (A.49), we can show that Eq. (4.52)
is valid up to terms of order O(R™*). Therefore the previous expression is free of
the unwanted corrections. In conclusion we have proved at two loops Eq. (5.2). We
conjecture this is true to all orders: graphs without tadpoles or insertions of the two-
loop watermelon should have corrections of order R=°, while terms of order R~% and
R~°log R? that appear in graphs with tadpoles or two-loop watermelon insertions should
cancel with the mechanism we presented above. At the order we are considering graphs
containing vertices with more than four legs should still be negligible: at two loops the
contribution proportional to as in Eq. (4.47) scales as log® R>/R'2,

Using the perturbative expansion we can compute the function gX(?) in the limit
t — 0o. We have

B
g(M) ===+ 077, (5.11)



A. Pelissetto et al./Nuclear Physics B 554 [FS] (1999) 552-606 577

-0.04 —"Y‘I‘T‘I'rr‘rrr lﬁﬂ‘l‘rm[ﬁ"r‘ﬁrmrﬁ’1 ‘rrrm'l’ TTTTTTT

—-0.07 ‘I,J_LLJLLLL .I,J,AJ_LUIL*I._A_ \uuL NS LLIJ]ILI L

0.001 0.01 Q.1 1 10
s4R®

Fig. 1. Ratio gX(T) /f X(tN) in the large-N limit for three different models: (1) N-vector model: (2) potential
W(g?) = ¢* + (¢? — 1)%; (3) potential W(¢?) = g2 + (¢? — 1)2 + (¢?)*. In all cases J(x) is given in
Eq. (3.8) with domain (A.2). s is a constant defined in Eq. (B.12).

where E3 is defined in Eq. (A.47). Notice that this behaviour cannot be changed by
modifying the definition of (%" .

Let us now show that if one uses ¢ defined using the exact 8, one directly obtains
the expansion (5.2). To prove this fact, assume the opposite and write

- . 1 -
)(=fx(t)+ﬁ-hx(t)+o(R“’), (5.12)

with @ < 3. For  — 0 and any value of R, ¥ ~ 1~7. Therefore f,(7) ~ 7~ and
hy (1) ~ 177 in this limit. Now, it follows from our discussion that the term of order
R~ can be eliminated if we introduce a new variable ¥ = 7+ AR~®. Substituting in
Eq. (5.12) and expanding in R~ we have

_ N A, o1
X = I+ 2 (D 4 2 (1) 4 o(R™). (5.13)

Cancellation of the terms of order R™“ requires Af’X(tA) + hX(tA) = 0. However, this
relation cannot be true since f',(7) ~ 777! for T — 0. Therefore hy(7) = 0. We
have therefore shown that the variable ¢ is a particularly good one, since it automati-
cally eliminates a whole class of corrections to the leading behaviour. Another conse-
quence of these results is that we can now estimate the order of the neglected terms in
Egs. (4.74), (4.75): the terms o(R~%) are of order R™8.

In Appendix B.1 we compute the function g, () for our general model in the large-N
limit. The graph of g,(7)/f,(f) for some particular cases is reported in Fig. 1. We
consider: (1) the N-vector model, (2) the potential V(¢) = N(¢* — ¢?), and (3)
the potential V(g) = N(¢® + ¢* — ¢?). Although the function is not universal since
it depends explicitly on various constants whose value is specific of the model one
uses, the qualitative features are similar in all cases: gX(T) / (1) interpolates smoothly
between the values for 7= 0 and 7= co. Notice however that the function is decreasing
in the N-vector model, while it is increasing in the other two cases.
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Finally let us notice that the result (5.2) depends crucially on our use of R as scale
and on the specific field normalizations used in the definition of our model. In general
with an arbitrary scale p and arbitrarily normalized fields we have

~ ~ 1 -
X=A(P)fx(B(P)f)+;;g,y(t) 4., (5.14)

where A(oo) and B(oo) are non-vanishing constants.

5.2. Corrections in two dimensions

We wish now to discuss the corrections to the universal crossover curves in two
dimensions. If we repeat the perturbative analysis we have performed in the previous
section we face immediately a difficulty. Working at one loop and using the results of
Appendix A.2 we find corrections to the crossover functions of order log? R /R?* and
log R? / RZ%. However, at variance with the three-dimensional case, only the former terms
can be cancelled with a redefinition of K and #: the terms proportional to log R?/R?
cannot be cancelled. Indeed let us suppose that

Vi Ko
K= R~§[Z—logR2+——log R+ ;logR2J, (5.15)
B= VR [1 +4 7 log R + log R R4 log R “®l (5.16)

At one loop we obtain

& R2
R log?
+ I (1) g

roy - +r2(2)l +1‘o(3— +o(R™Y), (5.17)

where the dots indicate terms that scale as R~2. The coefficient I";(#) is given by

Iy(t) = —by — Zl— [Ko — by + 161 } (5.18)
This term can be cancelled setting
bo =0, Ko=~-—1—. (5.19)
1672
Let us now consider I'; (7). We have
= 8—17}(4“‘ +3ay +2)f+ 0(log?), (5.20)

where «y and «a, are determined by the low-momentum expansion of I7(q), cf.
Eq. (A.53). This term does not depend on K; or b, and it is therefore impossible
to eliminate it. Therefore at one loop we obtain correction terms of order log R?/R?. At
two loops terms proportional to log” R?/R? pop in and in general we have
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1

oC
XD~ 14 25> log’ Rign(7). (5.21)
n=0

The presence of this infinite series of logarithms may indicate that perturbation theory
does not provide us with the correct corrections and that a resummation of the perturba-
tive series is needed. In other words, the perturbative limit, R — oo at 7 fixed followed
by 7 — 0 may not commute with the crossover limit R — oo, f — 0 at fR? fixed at
the level of the corrections to the universal behaviour. This phenomenon is not new in
two-dimensional models. Indeed a similar non-commutativity appears in the corrections
to the finite-size scaling functions [49,50].

In the large-N limit, cf. Appendix B.2, the corrections can be computed exactly and
In this case one finds

log R?
Rz

X =fr(D [1 + A(D) +B(?)7;7 +0o(R™?). (5.22)
However, this simple behaviour may be due to the large-N limit. In general, as long as
N = 3, we do not expect a change in the exponent, but a more complicated behaviour
of the logarithmic corrections would not be surprising. By analogy with what has been
found for the finite-size scaling corrections in Refs. [49,50], we could have a behaviour
of the form

o log R o= gn(D)
Hlal n . 2
X fy(t) + = n§=0 (log K57 (5.23)

Also for the Ising model it is unlikely that a new exponent appears. The numerical
work of Refs. [17,18] confirms this expectation: indeed they find that the corrections to
scaling are well described in terms of a behaviour of the form (5.22). In these works
A(?) and B(?) are assumed independent of 7. Of course this is an approximation, but it
is not surprising it works well, since these two functions should be slowly varying, as
indicated by the large-N solution.

One may wonder if the non-commutativity we have discussed above is peculiar of
two-dimensional models. A simple analysis indicates that a similar problem should also
appear in three dimensions if one considers the corrections of order R°. Indeed at this
order T3 gives rise to terms log R? that cannot be eliminated by changing the scaling of
K and B.

6. Discussion

In this section we wish to compare the analytic results obtained in the previous sections
with the numerical ones presented in Refs. [17-19,22] and discuss other approaches to
the crossover problem.
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Let us first compare our results for B.x with the numerical determinations of
Refs. [17,22]. These simulations are performed in the Ising model with coupling given
in Eq. (3.8) and domain family

d
D, = x:z:x,»zgp2 . (6.1)
i=1

Using the numerical results of Appendix A for the constants C; and C; and the numerical
estimates of Section 2 for the non-perturbative constants D,(N) and D;(N), we obtain
in two dimensions the asymptotic expression

| 0.1975(5)
Ve logR? + ——~
BL‘,R R +47TR2 og + Rz
1
~ 1+ Ez—(o.o796 log R? +0.1975), (6.2)
while in three dimensions
_ 1 ,» 0.0017(1)
,BC’RVRR‘J 1 +11’R_m10gR —T, (63)

where 1) r is defined in Eq. (A.37). Numerical estimates for selected values of p are
reported in Table A.1. If one is interested in the expression of B, gV up to terms of order
o(R~?), one can replace 1, ; with the asymptotic expression (A.39). In two dimensions
Eq. (6.2) agrees approximately with the fit of the numerical data of Ref. [18]. They
quote '°

1

BerVa = 1+ ﬁ(0.076(3) log R? +0.172(7)). (6.4)

A slightly different analysis gives [51]

1

BerVea ~ 1+ ﬁ(0.0781(9) log R? 4 0.166(6)). (6.5)

To understand better the discrepancies we have considered
_ .BC,R,approx 2
A(R)=| —=—=——— -1} R, {6.6)
ﬂc,R,exaCt

where B rapprox 18 the asymptotic form (6.2), while B¢ gexact IS the exact value deter-
mined in the Monte Carlo simulation. Asymptotically we should observe 4(R) — 0.
However, for the values of p used in the simulation A(R) shows a somewhat erratic
behaviour. For p?* = 32,50,72, 100, 140, we have 4(R) = —0.0812, 0.1649, 0.1660,
—0.1943, —0.1124 with an error of approximately 5 x 10™* due mainly to the un-
certainty in Eq. (6.2) (the error on B, gexac is much smaller). Clearly these values
of p are too small for the asymptotic expansion to be valid. Similar discrepancies are
observed in three dimensions. The non-monotonic behaviour of the corrections appears

10 Notice the different normalization of R2: R? in Ref. [18] is four times our definition of R2.
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Fig. 2. Effective susceptibility exponent as a function of 7 in the high-temperature phase of the two-dimensional
Ising model. The points are the numerical results of Ref. |18]: pluses, crosses, squares, and diamonds
correspond to data with p* = 10, 72, 140, and 1000 respectively. In the mean-field limit vy = 1, while for
=0, yar=7/4.

0.8 — \ ]

Vett
T
L

0.6 — ]

.
oo ot |M

0.1 1 10 100
[tirR®

Fig. 3. Effective correlation-length exponent as a function of 7 for the high-temperature phase of the
two-dimensional Ising model. In the mean-field limit vy = 1/2, while for 1 — 0, vy = 1.

to be a general phenomenon for the family of domains used in the simulations, and it is
probably connected with the fact that the shape is not natural on a cubic lattice. Similar
oscillation with R are observed in lattice integrals. For instance, from the results of Ta-
ble A.1 in Appendix A.2, one can see that the integral I; z does not have a monotonic
behaviour even for p? ~ 10%,

Let us now compare the results for the crossover curves. In Figs. 2, 3, 4, and 5, we
report the graph of the effective exponents Yesr, Ve and Begr defined by

Yerr (1) = —;—M (6.7)

(D) df
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Fig. 4. Effective susceptibility exponent as a function of 7 for the high- (¥.rr) and low- (v;,) temperature

phase of the three-dimensional Ising model. In the mean-field limit y . = |, while for |7[ — 0, verr & 1.237.
~ 1 dfe(1)
Vetr (1) = — == (6.8)
2fe(t) dt
- o dfu(t)
Beti (1) = ——= = (6.9)
fu(r) dt

for the Ising model in two and three dimensions, using the field-theory results presented
in Section 2 and the rescalings (4.41), (4.42), (4.71), and (4.72). In two dimensions
we can compare our results for yeg(f) with the numerical ones of Ref. [18]. In Fig. 2
we report our result for y.(f) together with the Monte Carlo data of Ref. [18]. The
agreement is good, showing nicely the equivalence of medium-range and field-theory
calculations in the large-R limit.

In Figs. 4 and 5 we report the results for yer(f) and Be(7) in three dimensions.
As already discussed in Ref. [19], in the high-temperature phase, yex(7) agrees nicely
with the Monte Carlo data in the mean-field region while discrepancies appear in the
neighbourhood of the Wilson-Fisher point. However, for f — 0, only data with small
values of p are present, so that the differences that are observed should be due to
the corrections to the universal behaviour. The low-temperature phase shows a similar
behaviour: good agreement in the mean-field region, and a difference near the Wilson-
Fisher point where again only point with small p are available [51]. We can also
compare the results for the magnetization. In Fig. 6 we report the combination 2 — 4 —
2Berr which should be compared with the analogous figure appearing in Ref. [19]: the
behaviour of the two curves is completely analogous.

We wish now to discuss a different approach to the crossover that has been devel-
oped in Refs. [12,52,13,4] following the so-called RG matching [53,54] and that has
been applied successfully to many different experimental situations [12,52,3,4,55,5].
These papers consider phenomenological parametrizations which are able to describe
the crossover even outside the universal critical regime. Let us now introduce this model
in the formulation of Ref. [23], which is intended to apply directly to our class of
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Fig. 5. Effective magnetization exponent as a function of f in the low-temperature phase of the
three-dimensional Ising model. In the mean-field limit B. = 1/2, while for ]7[ — 0, Begr =~ 0.327.
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Fig. 6. Combination 2 — y_. — 2Bt as a function of T'in the low-temperature phase of the three-dimensional
Ising model. In the mean-field limit this combination vanishes, while for 7 — 0 it is equal to the specific-heat
exponent « = 0.110.
Hamiltonians. If ¢ is the reduced temperature, one introduces two functions «(7) and
Y(t) defined by the set of equations

k()2 =c 1Y (1) P=1/4, (6.10)
A2 1/2
- (l—@mY () =u |l + | — Y(1)"4. (6.11)
Kk(t)

Notice that, although three non-universal constants ¢,, A and % appear in these equations,
Y(t) and «*(t)/c; depend only on @ and on the combination /€:1/ A. The susceptibility

is given by

t

t+1

1 _ 2
X  =C0

Y ()AL 4y, (6.12)

where
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2 2
u*y x(t) A
= 2 (20 [+ (=
' 24{ (A) [+(Km”

v (1-m)Y(t) w—1)""
X(Z+1—(1—E>Y(r>>" A } ’ 19

where u#* is a numerical constant, u* = 0.472, and c, is another normalization non-
universal parameter. Notice that y~'/( cf,c,) depends only on % and ,/c,/A, so that A
or ¢, could be fixed to any value without loss of generality. In order to interpret the
Monte Carlo results of Ref. [19], the authors of Ref. [23] further assume that ¢, and
u scale as

¢, = G0 7= ko
t = 5 = .
R?’ R*

In order to have the correct scaling of x, one should also set ¢, = coR. Then in the
critical crossover limit t — 0, R — oo, with 7 = ¢RS fixed, we obtain
~ u'v 1 - Y(1)

12 o TV (DA | L 22 — |, 6.15
X Cp()CIO O() + 2 ]-{—(24—])}6(” ( )

(6.14)

where ¥, (7) satisfies the equation

1

L= YD) = == T0(D)*, (6.16)
o
with
€10
= . 6.17
“= A (6.17)

Eq. (6.15) defines the universal crossover function in this approach, the model depen-
dence being included in the constants & and cf)oc,o. In order to understand the accuracy of
this approach we can compare )y obtained from Eq. (6.15) with the very precise results
of Bagnuls and Bervillier [6,7]. First of all let us compare the asymptotic behaviour
for 7 — 0 and 7 — oco. In the mean-field limit 7 — oo we have

¥ :cf,oc,o?[l - ;_22_7+ 0(7")], (6.18)
«

where g» =~ 0.311. Using the results'! of the fit of Ref. [23], #tp = 1.22/36, c;o = 1.72/6,
A =1, we have

a

X! =cf,0c,0?[1 -5t 0(7—‘)], (6.19)

with a = 0.062, to be compared with the exact result, cf. Eq. (4.66), a = 1/(47) ~
0.0796. Notice that if we wish to reproduce the correct behaviour for ¥ — oo, we should
also require ¢3¢ = 1. Analogously for 7 — 0 we have

I Notice that we use a different normalization for RZ: our R? is 1/6 of R? used in Ref. | 19].
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Fig. 7. Ratio f,y.phen(T)/fX,BB (?) as a function Of‘z
}" = cf‘,oc,o (1 + 1;—) > =Dy (1 — g,a‘z"INA + O(?“)) . (6.20)
where g; ~ 0.618. Using cf,oc,g = 1, we obtain numerically
X7 =2497 (1 - 3.427% 4+ 0(*)), (6.21)
to be compared with

X7 = (270 £0.04) 7 (1 — (4.0 £0.1) 7 4 0(P4)), (6.22)

obtained using the results of Ref. [7] and Egs. (4.71), (4.72). Finally we report in
Fig. 7

~ f,y,phen(?)
A =
x (1) SxmB(1)

where fX.phen('tv) is given by Eq. (6.15) with the numerical values of Ref. [23], and
fyme(1) is obtained using the expressions of Ref. [7] and fixing the non-universal
constants with the help of Egs. (4.71), (4.72) (therefore fX,BB(f) does not have any
free parameter). The agreement is overall good ~ the difference is less than 1.5%
- except in a small neighbourhood of the Wilson-Fisher point where the difference
increases to 8% as it can be seen comparing Eqgs. (6.21) and (6.22). Notice however
that the region where the discrepancies are large is outside the domain investigated in
the Monte Carlo simulation of Ref. [19]. Similar discrepancies were already observed
in Ref. [13].

Let us now consider the corrections to the leading behaviour. If we use the expres-
sions (6.14) we find corrections of order R™%, in contrast with the theoretical analysis
we have presented. However, there is a simple modification that gives the correct cor-
rections and that does not change the leading behaviour we have discussed before. It is
enough to assume that, for R — oo,

(6.23)

u
u— E%, Cr — €0, Cp = Cpo- (6.24)
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Notice that this scaling of # is more natural, since, as we discussed in the Introduction
and in Ref. [20], any coupling constant « should scale as R~> in the crossover limit.
Observe also that if one wishes to keep the interpretation of x(#) as an inverse correlation
length, then x(t) ~ (R/€), i.e. 1/x(t) is a correlation measured in units of the
interaction range. Using these rescalings, we can write

X = fx(D)+ %%g,ﬁ) +O(R™9), (6.25)

where g, () depends only on @?f apart from a multiplicative constant. By means of an
explicit computation we obtain

(D 2y =DK@

(D QA-DY(n) +1

Ay %(H (1 - %(D)

~ u*y ~
— A4A— DY 1 1 —¥%(t = .
(2 Yho(t) +1+ 5 ( o(1)) (24 DR 1112
(6.26)
For f — oo we have
g, (1) y-1
= — — ~ —0.45, 6.27)
S (2) A
while, for 7 — 0, we have
g*(i) ~ —gra®iPl. (6.28)
Sr(®)

The behaviour g, (7)/f,(f) ~ 1 for 7 — 0 is not what one should expect in general,
see Fig. 1 for an example in the large-N limit, and it is related to our assumptions on
¢, and ¢;. If we include 1/R® corrections, i.e. assume

szch“‘%» C1=C10+%3]‘, (6.29)
then g,(7)/f,(f) would tend to a non-vanishing constant for 7 — 0. For T — oo, we
should compare Eq. (6.27) with the exact result g,(7)/f,(f) = —E3/Hp derived in
Section 5.1.

A graph of g,(7)/f, (1) as a function of &?7 is reported in Fig. 8. It shows a
behaviour analogous to that found in the large-N limit, and also the numerical size of
the corrections is similar.

It should be emphasized that the function g, (7) is non-universal and that it cannot
be determined in continuum field theory. Therefore the expression (6.26) cannot be
Justified and represents some natural — but nonetheless totally arbitrary — generalization
of the field-theory results. For the model at hand it provides a reasonable qualitative
approximation, but this is not true for any model one can consider. For instance, in the
large-N limit, the ratio g, (7)/f, () can be either decreasing or increasing, see Fig. 1,
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Fig. 8. g+ (1)/ £y (1) in the model of Ref. [23] as a function of a?.

depending on the Hamiltonian. On the other hand, the function in Eq. (6.26) is decreas-
ing for any choice of the parameters. Therefore this phenomenological extension is not
even guaranteed to be qualitatively correct. If one is interested in phenomenological in-
terpolations that can describe the crossover even outside the universal regime, one could
proceed in a more straightforward way, distinguishing clearly what can be predicted
using the field-theory approach (the limiting universal curve) and what is introduced
phenomenologically (the corrections to the universal behaviour). For instance one could
use the essentially exact f, () derived from perturbative field theory and any arbitrary
reasonable definition for the corrections depending on some parameters that could be
fitted to obtain the best agreement between data and model. In this way one could also
obtain good phenomenological interpolations of the numerical (or experimental) data.
Finally we wish to comment on the role played by the terms [ 1+ A%/« (¢t)?] appearing
in Egs. (6.11), (6.13). In our large-R expansion they can be simply replaced by
A?/k(t)* with corrections of order R™® (of order R™% with the original scalings).
Therefore, these terms that were introduced in Refs. [12,52] in order to improve the
behaviour in the mean-field region, represents a way to introduce additional corrections
of order R~°. In the analysis of the numerical results of Ref. [19] they play little role,
since
©()*

c _ t .
e _A_'zty(t)@v 1)/Az0.17—6—§5Y(t)(2 1h/a (6.30)

and t $0.05, Y(t) <1, 6R? 2 1. In practice the leading term and the first correction
gy (1) already provide a good interpolation of the data of Ref. [19].
Acknowledgments
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Appendix A. Integrals with medium-range propagators
A.l. Lattice propagators

In this appendix we will compute the quantity
> et (A.1)
x€D

for two choices of interaction domain D C Z?. For integer p we define

DV ={xeZ:|x|<p for i:1,...,d}, (A.2)
d

DP={xeZ' ) |x|<py- (A3)
i=1

In order to compare with the numerical results of Refs. [17-19,22] we will be also
interested in the following family of domains

d
Df) =¢(xez’: fo‘ <pry. (A.4)
i=]

We will not be able to compute (A.1) for this class of domains. However, we will
obtain some numerical results that will be used in the main text.
Let us compute (A.1) for DS". The computation is trivial and we obtain

d .
; kL
o= 3 e = [ i, A3
pid szD;” I;I sin(k;/2) (A2)
where L = p + 1/2. Correspondingly we find
21
24

Let us now consider the second case. The computation is now much more involved.
The result can be expressed in terms of the determinant of two d-dimensional matrices.
Define

Vo= Qpt D' =LY K= plpt D= (A6)

(cosk;)~! fori=1,....d—1,j=1,...,d;
A,"E / .
! {f,,(k.,») fori=d, j=1,...,d; (A7)
B;;j = (cosk;) ™. (A.8)
Then
: det A
Q% = et r = : (A9)
o xegﬂ det B

The result depends on the function of a single variable f;(k) given by
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k d
fu(k) = —2c0s 5 (sink)*~2 cos (kL + —271> (A.10)
where, as before, L = p + 1/2. Explicitly in two and three dimensions we have
k
fz(k)=2cos§ cos kL, (A.11)

f}(k)=—2COS§ sink sin kL. (A.12)

Expanding in powers of k it is possible to compute V, and R. In two dimensions we
obtain

Vp:2p2+2p+1=%(4L2+1), (A.13)
V,R? = %p(l +p)(L+p+p%) = -9]—6(4L2 +3)(4L% - 1). (A.14)

In three dimensions we have
Vp=%(2p+])(2p2+2p+3)=-13:(4L2+5), (A.15)
v,,R2=%p(p+ DRp+ (P +p+3)= —1—L(4L2 — (4L + 11). (A.16)

240

For large values of p one finds

d 2
Vp — (2;!) s Rz_"(mé(—d:—ﬁ- (A.17)
To prove Eq. (A.9), let us suppose that the result has the form
d
D2y =i ey (M + Brae™™ ) (A.18)

i=1

where «@; 4 and B;4 depend on k but not on L. This Ansatz is a natural generalization
of the result that can be obtained in two and three dimensions by direct computation.
Using the fact that

p

!)(2)(](1, e kg) = Z otkan ((2)

p.d p_|n|’d_‘1(k|"--7kd—l), (Alg)

n=—p
we obtain B;4 = (—1)¢ and the following recursion relations:

in k;
Qi = Qg1 —L—, (A.20)
cos k; — cosky

d—1

1 . ki — ky d - ki + ka
@ ‘=§ I P — — (=1 ELCI Y
dd i 1cosk,~-coskd [sm( 2 ) (=1 sm( 2 )]

i=
(A21)
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where in Bq. (A.20) i=1,...,d — 1. Using a;; = (2sin(k/2))~!, Eq. (A.20), and
the obvious symmetry under permutation of the labels of the coordinates, we obtain, for
1<i<d,
ink; d—2 k,'
Qg = — (sin ki) cos = (A22)
[T}<1 j<i(cos ki —cosk;) 2
We should now prove that this expression solves Eq. (A.21) which is the consistency
condition of the Ansatz (A.18). Assuming d even, we can rewrite Eq. (A.21) as

d

o ryd—2
Y — (sin k) =0. (A23)
I1 (cosk; — cosk;)

Jj=lj#i

i=1

Let us now use the following result: given x, ..., x,, consider the n-dimensional matrix
M;; = x,-’ ~'. Then it is easy to see that (in the mathematical literature this determinant
is known as Vandermonde determinant)

n—1 n
detM = (=" DATT [ (xi = xp). (A.24)

i=l j=i+]
Now define the matrix

{(coskj)f“' for i=1,...,d—~1;

Ciy = (sink;)4"2  for i=d.

(A.25)

Using Eq. (A.24), it is easy to convince oneself that Eq. (A.23) can be written as

detC
=0
det B

Since d is even, one can express (sin k,—)d~2 as a sum of cos? ki, with 0 <i<d—1.
Thus the last row of C is a linear combination of the previous rows and therefore
detC = 0. When d is odd the discussion is analogous. We have thus proved that the
consistency condition (A.21) is satisfied. Therefore the Ansatz (A.18) with a;y given
by Eq. (A.22) is the solution of the recurrence relation (A.19) that uniquely defines
.Ql(fj(k). Using again Eq. (A.24) we obtain the result (A.9).

If J,(x) defined in Section 3 is given by Eq. (3.8), then J,(q) = £2,4(q). We
wish now to prove that {2, 4(g) satisfies the properties mentioned at the beginning of
Section 3. Property (i) is obvious, while properties (ii) and (iii) depend on D,: they
are satisfied if V, ~ R and if, for any x € Z¢, there exist'? x;,...,xs € D, such that
x =) ;a;x;, a; € Z. To check the fourth property, define v = kR and consider the limit
of 2,4(v/R) at fixed v. An easy computation for the domains D" and D® gives

.Qp,d(U/R) R
Ve

(A.26)

Do (v) (A.27)

12 Notice that it is not sufficient that V, ~ R? to ensure property (iii). For instance consider in one dimension
the set D, ={x=2n,n€ Z, |n| < p}.
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with
4 sin u;
) = i A28
Do(v) H " (A.28)
d 42
u! " cos(u; + dmw/2)
(v) =-—4d! ! , (A.29)
,-Z_; H_,‘#i(”% —u})
where
u=rv lim £ (A.30)
R—oo R

Notice that in two dimensions there is a simple relation for 2,(v) for the two domains
D and D Indeed

(A31)

H+uy Uy — Uy

For the family of domains D', ((v) was computed in Appendix A of Ref. [17]
finding

d Ju \ 2
.Q()(l,’) =TI E + 1 7 Jd/2(|u|), (A32)

where

u; = +/2(d +2) v;. (A.33)

From these expressions it is easy to see that I1(g) = 1 — {%(g) satisfies condition (iv).
For D and D it is also easy to show explicitly properties (v) and (vi) of
Section 5. Indeed in the limit R — oo at v fixed we have

l — 1
T Zealk) =) (), (A.34)
° n=0

without odd powers of 1/R. Indeed, from the explicit results we immediately see that
£2,4(k) is even under the transformations k — —k and L — —L. Moreover L7 is an
analytic function of R?. Therefore for v fixed, £2,4(k) is even in R, proving Eq. (A.34).
Since we used the explicit expressions we computed before this proof applies only to
the two cases we have studied.

A.2. One-loop integrals

Let us now consider, for d < 4, the following class of one-loop integrals:

dik 1 —Tig(k)

II‘R(WF)E (ZW)dﬁR(k)-{—mz’

(A.35)
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dk 1 — Tg(k)

2 =
N = | oy (e )2

(A.36)

where TTz(q) is a function with the properties mentioned at the beginning of Section 3
and 5. We will be interested in computing these integrals in the crossover limit that
corresponds to R — 0o, m — 0, with m2R?¥/4=4) fixed. The integral (A.35) exists for
m = 0 only for d > 2, while the second one is always infrared divergent. In order to
analyze the asymptotic behaviour of these integrals we will distinguish three cases: (a)
d>2;(b)yd<2;(c)d=2.

A.2.1. Case(a): 2 <d<4
For d > 2 the integral (A.35) is well defined for m* — 0 and thus we begin by
studying

Tir = lim [ g(m?). (A.37)
m2—0
We wish to compute its asymptotic behaviour for R — oo. Defining p = kR, we rewrite

- _L/ dip 1-IHk(p/R) 1 [ d'p 1-1(p)
R4 J 2m)d Mg(p/R) +m?> R J (2m)¢ [(p)

Tik = , (A.38)

using property (iv). The last integral can be extended over all R?. Thus we obtain

-~ o

II,R ~ 'ﬁl- (A39)
with
_ [ dp 1-1(p)

If additionally we assume that ITr(g) satisfies properties (v) and (vi) of Section 5, we
can easily prove that I; z admits an expansion of the form

- o 1 & Oy
11,R=ﬁ+ﬁzk2—". (A41)
n=1

In three dimensions, for D, D@, D) we have respectively '

~  0.0435562069
1R = ————— + O(R™?),
R3
~  0.04336529 _
Lig= —r T O(R™%),
-~ 0.04139
LR = Ty +o(R™?). (A.42)

Estimates of I ; for various values of R are reported in Table A.1.

13 Luijten [22] has noticed that an approximate expression of o can be obtained using the numerical results
of Ref. [47]. He writes o & 4.46 limg_, o, R*/Vg. For the three domains one obtains 0.0379, 0.0374, 0.0337
respectively; these estimates are not very far from the exact values.
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Table A.l
Estimates of R“T.VR for various values of p for the three domains introduced in the text

p pH D D
3 0.042971778 0.043960387 0.041600702
4 0.043202728 0.043921767 0.041279504
5 0.043319601 0.043713672 0.041423800
6 0.043386811 0.043664053 0.041387988
7 0.043428975 0.043574469 0.041394901
8 0.043457153 0.043547206 0.041384933
10 0.043491295 0.043486698 0.041398502
12 0.043510406 0.043451767 0.041386965
14 0.043522170 0.043429899 0.041392394
16 0.043529921 0.043415345 0.041389669
18 0.043535297 0.043405187 0.041392740
20 0.043539178 0.043397824 0.041391612

Let us now go back to ; g(m®) and let us compute the leading correction depending
on m? in the crossover limit. We rewrite

diq 1 —TIr(q)
(2m) T r(q)(Mr(q) +m?)

Setting ¢ = v/R and using property (iv) of ITz(g) we find the leading term as R — oo

Lg(m?) =Ty g — m? (A.43)

m~2 dv 1 —II(v)
R [ (2m)d M(v)({T(v) +m?)’

Lig(m*) ~ T g — (A.44)
where the integration is extended over RY. If ITz(q) satisfies properties (v) and (vi)
the neglected terms are of order m?/R?*? [in three dimensions they are of order R™''].
Now, for d < 4, the last integral is infrared divergent for m — 0. Thus the leading
contribution in the limit m — 0 is obtained replacing I7(v) with v? in the denominator
and with | in the numerator. We have therefore

m? d?v 1
RY | (2m)4 v2(v? + m?)

Lir(m®) =T g —

m? a‘v 1 - II(v) |
_EJ/ (2m)¢ [H(U)(H(U)+m2) TR m | (A.45)

The first integral can be computed exactly, while in the second one we can simply take
the limit m — 0. We have finally

Bn(mdy ~ T + (a2 (1= Y 2 om0
1R ~ 1R ™ ~ 5 ) Ra 4R +o ),
(A.46)
where
div 1 - H(v) 1
E; =~ - . 4
’ (2,,)d[ (v)> (u2>2] (A4
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Numerically, in three dimensions, we have for the interaction (3.8) and the domains
D”), D@ and DX

E3=0.058391 for D,
E;=0.058545 for D@,
E;=0.0635 for DO, (A.48)

The computation of J; zg(m?) is analogous. We obtain

md —4 Ed

=~ R +o(R™%). (A.49)

Nr(m?) =~ (4m) =921 (2 — g)

A.2.2. Case (b): d <2
Let us now consider I, g(m?) for d < 2. In this case the integral is infrared divergent.
Following the previous steps, we have

1 dv 1 —1)
F/(zw)d I(v) +m
1 diy 1 1 [ di [1-Mw) 1
TR EZ—W)—dvz+m2+ﬁ (27)4 [H(v)—!—mzhzﬂ—l-mz}

z(4w)—d/2r(1_i) mi? 1 dh [1~H(u) B 1]

L g(m*) = S +O(R™47?)

2) ®R TR i | ) 2
+o(R™%). (A.50)
Analogously
d md—4
Jir(m?) = (4m)~9*r (2 - E) =+ O(m*?R™%). (A51)

A.2.3. Case (c). d=2

Let us now consider the case d = 2. Also in this case the integral is infrared divergent
for m*> — 0. However, we cannot proceed as in the case d < 2, since the subtracted
integral in Eq. (A.50) is ultraviolet divergent. First we set ¢ = v/R and expand ITg(v/R)
obtaining

i d*v 1 - 1) N 1+ m? d*v I, (v)
R? (2m2 H(v) + m? R* (2m)? (JI(v) + m?)?
+O(R™%). (A.52)

Iig(m?) =

Since IT;(v) ~ v*, we can simply take the limit m — O in the last term. Let us now
deal with the first one. Because of the lattice symmetry and of property (v) we have,
forv — 0,

) = 0% + a1 (v)? + av* + o(vY), (A.53)

4

where v* = v} + v3. Then we rewrite
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v 1-H@w [ dv [ 1-1() e
Qm)2HW) +m2 ) Qm?2 ) Ow)+m2 2+ m?

e[y (v2)? + an?] }

(02 4 m?)?
+/ d*v et _e”"z[a1(vz)2+azv4]
m? | 22 +m? (2 +m2)? ’
(A.54)

The first integral can be expanded in powers of m? neglecting terms of order m* log m?,
while the second one can be computed exactly. We obtain finally

d’v 1 -1I(v) 1 , o 2
2m)2 O (v) +m? ~ —E(logm +vE) — Z;(]ogm Loyp—1)

2
m
~ 1 (e + 3az)(2logm® + 2yp + 1) +

dv |1-1() L
(2m)2 (v v?

2/ dv [1-11@) e +2e—“2[a1(u2)2+a204]
] emr Tnw? T ()2 ()’

+0(R *1log R?) (A.55)

We obtain finally, up to terms o( R™%),

C m? mG, G
ILR(mz) e IR logm2 + R—; - WMaI +3ay+2) 1ogm2 + S ] + 7?%,
(A.56)
where
c :_7_5+/ v [1-M) e (AST)
1T 4 Qm2 | o) v |’ ‘

and G; and G; can be computed from Eqgs. (A.52) and (A.55). For the interaction
defined in Eq. (3.8) and for the domains D", D@, D we have respectively

Cy=—-0.04578786  for DV and D'® ,

Cy = —0.05045 for D3, (A.58)

The equality of C, for the domains D and D@ follows from the identity (A.31).
Analogously

G
(4a) + 30 + 2)(logm2 +1) — el R o(R™?).

Jir(m®) = R2
(A.59)

47m2R? + 8mR?
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A.3. The two-loop integral

We wish now to discuss the two-loop integral

d'q d'k (1 -TIr(g))(1 —TIr(k))(1 = Hr(g+k))
(2m)4 (2m)¢ (TIr(q) +m?) (Tr(k) +m?) (TIr(q + k) + m?)’
(A.60)

Lr(m?) =

in the crossover limit R — oo, m — 0 with m2R2/(4=4) fixed.
Since we wish to compute the integral in the large-R limit, we can rescale the internal
momenta and use properties (iv), (vi) in order to rewrite I g (m?) in the form

dlg d'%k  (1-1(g)(1-HKk)(1-1(q+k))

2 P
Lk~ 151 | Gayd (2 (11(q) + m2) (T(R) + n) (1T (q + &) + )
3 d'q d%k M (q)(1 - (k) (1= M(g+k))
RE72 | (2m)a (2m)e (I1(q) + m2)2(ITCk) + m) ([ (q + k) + )"
(A61)

where the integrals are extended over R?. The neglected terms are of order O(R%+4)
and O(R**+*m?=%). I, (m?) is infrared divergent for d < 3 and therefore we will
distinguish three cases: (a) d > 3; (b) d < 3; (¢) d =3.

A3.1l. Case (a):3<d<4
For d > 3 the integral is finite for m*> — 0. In analogy with the discussion of

Appendix A.2.1 we have
m2d—6 ddq ddk
R2d (2m)4 (2m)4
1 1

Lr(m*) ~Top +

_ —~2d
X[<qZ+1>(1<2+1)<<q+k)2+1) g+ oz) TR
(A.62)
where
o= [ 4% _d% (1-1Tr(¢)(1—Mr(k)( = Tr(g+k)
R (2m)4 (2m)d TTr(q)TTr(k) T r(q + k)
1 [ dlq d% (1-1(g)(1~H(k)(1—(g+k))
T R¥ | 2md (2m)d (q) (k) IT(q+ k)
+O(R™%2y. (A.63)

A.3.2. Case (b): d <3
For d < 3 the integral is infrared divergent for m> — 0. As we did in Section A.2.2
we have
m¥=5 1 diq d%k 1
R¥ 2m)d 2m)¢ (@ + DR+ D ((g+ k)2 +1)

Lr(m?) ~
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1 dlq d%k [ = 1(g) (1= 1T(K)(1~ (g +k))
R4 | (2m)d (2m)¢ I (q) (k) IT(q+ k)
ot
Gk (q + k)*

+
] + o(R™%)y. (A.64)

In two dimensions we have explicitly

1

Lg(m?) = TRA

( i ——'(1/3) - >+0(R—4) (A.65)

A.3.3. Case (¢): d=3

For d = 3 the integral is infrared divergent for m> — 0. However, we cannot proceed
as in the case d < 3 because the subtracted integral in Eq. (A.64) is ultraviolet
divergent. We will obtain the asymptotic behaviour using the same method we used in
two dimensions to deal with I; g(m?). We write

2 1 conl 2 - C] djk
A= T@) (= TR (1 - (g + k) e F et
(@) (k)I(g+ k) G*k (g + k)?
(A.66)
where
d3q d3k e—qz~k2—(ﬂl+k)2
cont 2y =
BRI = | Gay Gy (@ (et (qr i rmy AT
_ dq &k M(g)(1—Tk)(1—H(g+k))
F=- /<2w)3<2w)3 (@I (g + 1) (A.68)

where all integrals are extended over R® and terms of order O(R™!®) have been ne-
glected. In order to compute I§°“‘(m2), let us define

d3p e—-p2 +ip-x

Px,my= [ =L 2
(x.m) (2m)? p2 4 m?
emz : —m|x| lxl |x |Xl
- = f oy omx| Liad
S ] [2smhm|x|+e erf | m— = e"Verf [ m+ 5 ,
(A.69)
where
X
erf(x) = — /dt - (A70)
=7z e ", .
0

Then, for m — 0,
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1
2y _ 2
L™ (m®) = ~ 3757 [log(9m®) + 2y¢]
2p3
P’(x,0) — —5—— Oo(m). ATl
+477/dx [x (x,0) rrp sl (m) (AT1)
Collecting all terms we have
1 Cs F;3 _
2y _ 2 9
[z‘R(m )~~mlogm +ﬁg+ﬁ+0(R ), (A72)

where Cs is defined as

o0
1 1 1
= 4 2p3(x,0) — —— ——
Cs e (log3 +vye) + 'n'/dx {x (x,0) 647r3x+1J
0

* ] @y m)? OYIGYICED

e~ 4 —K—(q+hk)}

k(g + k)2

d*q &k [(1 — () (1 - H(k))(1 - 1(g+k))

(A.73)

We have computed the constant C3 for the three different domains introduced at the
beginning. We obtain

C;=-0.0127 for D'V,
C3=-0.0127 for D®,
C3;=-0.0129 for D3, (A.74)

Appendix B. Large-N limit
In this Appendix we will compute the crossover functions in the large-N limit. In

Appendix B.1 we will discuss our general model for d > 2, while in Appendix B.2 we
will consider the two-dimensional case for the N-vector model.

B.1. Crossover limit for 2 < d < 4
In this Appendix we will study the model introduced in Section 3 in the large-N limit

following the strategy of Refs. [56-58]. We write V(¢) = NW(¢?) and study the limit
N — oo with 8 and W(x) fixed. The basic trick consists in rewriting

e~ VWi /dpd)l exp [-—IZYA(¢2 —p) — NW(p)J . (B.1)

The saddle point is given by the equations
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i 1
W'(p) = 5BVr(1 +m?y, vaR=m§[1+ll,R(m2>], (B.2)

where I, p(m?) is defined in Eq. (A.35), while the two-point function is given by

1 d‘p
) = = —_ . B.3
{eo@.) B/HR(p)+m2 (B.3)

The critical point corresponds to m> = 0 and therefore the critical values of p and 8
satisfy the equations

1 -
W (p) = EBCVR’ PcBVr=1+ 1. (B.4)
The critical value p, is the solution of the equation
1 +71.R:2pcwl(pc)- (B.5)

We will not need to solve Eq. (B.5) explicitly, we will only assume W(x) to be such
that a positive solution exists. Since 71z ~ R™¢, for R — co we can expand

o0
Pe = Z pch}ll,Rv (B.6)
n=0
where
2p0W (p) =1, (B.7)
and p.1, pa, -.. can be computed iteratively in terms of the derivatives of W(p)

computed at p = py. Correspondingly we obtain the expansion of 8. for R — oo, We
have
1 2po Wa 7 Pl(W3 —dpoW3) )

V= — Ty g+ O(R™
Bel pco+1+2p§0W2 PR T 202 W) ERES

(B.8)

where W, = W' (p4). Let us now discuss the scaling behaviour. Using Eqs. (B.2)
and (A.46), we have

d—2

m m? _
(PB = peBe)Vr = Ad—pg— — 1 + (Eq = 0) 5 + o(m*R™%), (B.9)

where Ay = (47) ~%2I'(1—d/2) and o is defined in Eq. (A.40). Now let us introduce '#

Bc _ )8
8=p—pec t =
pe :BL'.MF

Using the first gap equation and Eq. (B.8) we obtain

= peoVr(B: — B). (B.10)

4 The normalization of ¢ is chosen so that the results can be directly compared with those of Section 5. One
could have defined + = (B, — 8)/B.. as in Section 3. This choice does not change the leading crossover
curve, but changes the corrections.
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5=——1——[m2-t+—”—m—2]+0(t2 m*, tm?, tR™) (B.11)
2p0 W (pe) S0 RY T '
where
1+ 2,030 W2
= — b = B.12
Soo 2ngW2 ( )
and we have assumed W, # 0. Going back to Eq. (B.9) we obtain finally
s mé—2 m?
(500 + 2252 ) (% = 1) = A = (B = ) 25
= 0(tm?, tR™% m*R™%), (B.13)
where
a W3
= 1 - . B.14
T A Wases ( 4Pc0W22> (514

Notice that this equation is also valid in the N-vector model with s, = 1, §1 o0 = 0. Let
us now consider the critical crossover limit. We introduce

it = mP R (=) F= R/ 4= (B.15)
and expand

~ ~ 1 ~ _

m* = fu () +anl(t)+0(R 9. (B.16)

The universal crossover function f,, (%) is given by

Sool fu(®) =11 — Aafm(DH=D2 = 0. (B.17)

This results shows clearly the universality of f,,(¢). Indeed all the model dependence
is included in the constant s, that can be eliminated with a proper rescaling of f,,()
and 7.

It is important to notice that Eq. (B.17) has a solution for ¥ — 0 only if s, > 0.
Indeed we can rewrite the equation as

=2 HUDL L g, (5. (B.18)
Soo
For t — 0, fm(7) — 0, and thus we can neglect the last term in the right-hand side.
Since the left-hand side is positive — we are considering the high-temperature phase —
we should have A;/s. < 0. Since Ay < 0, we obtain s, > 0. Notice that, requiring
the stability of the free energy in the limit R — oo one obtains the condition W, > 0,
which, using Eq. (B.12), gives again 5o > 0. It is important to remark, as we shall show
below, that this condition is equivalent to the requirement @4 < O that was introduced in
Section 4.1.
In three dimensions Eq. (B.17) can be solved explicitly, finding
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2
~ 1 / ~
fm(t) = W |: 1 +647T2Sgot - IJ . (Blg)
[oo]

It is easy to compute the correction function g,,(7), obtaining

1

d—12 ~ (d -
Adfm(t)(d hi >

gn (D) = fu(D) [(Ba = o) = Afu(D9P2 [soo -
(B.20)

where A = §) 00 Ad/Sco.
Let us now compute the asymptotic behaviour of f, () and g, (7). For  — oc we
have

fu () =?[1 + fi?‘d—“/z + 0(?“’—‘”)] , (B.21)
gn(?) = E"S— 07[1 +0(?“"4V2)]- (B.22)

For 7 — 0 we have

— 2ut?
fu (1) = ut” [1 - d—";’—2+0(?“)], (B.23)
~ Sloo 217 ~4
m = s B.24
8m (D) swd_2(1+0(z ) (B.24)
where y =2/(d ~2), 4= (4 —d)/(d —2), &= (500/|Aa])7-
We can also compute the crossover function for the susceptibility. Since
1
=, B.25
X = B (B.25)
we have
= Pco
(ty=——"=, (B.26)
=75
~ 1 ~ ~ 2 o ~
g,\/(t)z—_"gm(t)fx(t) —‘*fx(t)- (B.27)
Pco Soo

While f,(f) is universal apart from normalization factors, the function gx(?) is model-
dependent. For this class of models, we have a three-parameter family of functions
gX(t~) parametrized, for instance, by $1 0, S0, and E; — o. The fact that the gX(tN)
depends only on three parameters should be due to the large-N limit. For general values
of N we expect g,(?) to be a non-trivial functional of the Hamiltonian. In Fig. 1 we
report g, (1)/fy(f) for three different models: the N-vector model and the theories
corresponding to the potentials

W(e*) =¢* + (¢* ~ 1)?, (B.28)
W) =¢" + (" — 1)? + (¢%)°, (B.29)
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using in all cases the coupling (3.8) and the domain (A.2). Notice that although the
curves are quantitatively different, the qualitative behaviour is similar.

We wish now to compare the results presented above with the explicit calculations of
Section 4.3. The basic ingredient is the large-N expansion of the integral

o o0
/ dx 1= ] / dy yH? 1Moy 2m W), (B.30)
2
0 0
The saddle point equation is
1
— =W(y), (B.31)

2y

which is exactly the equation defining pe, cf. Eq. (B.7). The large-N expression of
Eq. (B.30) is obtained defining y = po + z/V/'N and expanding in powers of 1/v/N. In
this way we obtain

@ = peo, (B.32)
2

gy = 2P (B.33)
Sco
15

G = 3W3(12pd,wz+16pd,W2 Ws). (B.34)

These expressions are obtained assuming W, > 0. As it can be seen from Eq. (B.33),
this condition is equivalent to requiring @4 < 0. Using the previous expressions, it is
easy to verify all the formulae reported in Section 4.3. Notice that in the N-vector case
Soo = peo = 1.
All the considerations we have presented above apply if W, > 0. If W; = 0, but
W5 # 0, the leading behaviour of § changes and, for R — oo, we have
d

R
8 = ———(m? —1t) = qR‘(m* —1). B.35
- 2p300‘Ws(m ) =qR°(m” —1) (B.35)

Thus, for R — oo, keeping only the leading terms, we have

s md—2
(g + po)(m *t)—PcoAdW%(). (B.36)
If we scale
2 = RMIA—d) g2 7= RM/(4=d)y (B.37)

we obtain again the same crossover scaling function. To interpret these results we
should notice that W”(p.) = 0 corresponds to the tricritical point. Therefore, here we
are considering theories that for any finite R have a standard critical point, while for
R — oo converge to the mean-field tricritical point which is also a Gaussian point. We
find that the scaling crossover functions are unchanged, although the scaling variables
are different. In the framework of the Introduction, these theories correspond to models
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in which the bare coupling u scales also with R as 1/R, so that the Ginzburg parameter
G becomes G = (R™24)2/(4=d) = p—4d/(4=d)

In order to have different crossover functions we must consider a family of potentials
such that W’ (p.) =0 for all R, i.e. consider theories at the tricritical point for any value
of R. With our field normalization it is impossible to realize such a case, unless W{(e?)
depends explicitly on R, i.e. W(¢?) = W(¢?, R). Assuming therefore W (p,, R) /dp* =
0, a simple computation gives

& =~

~

2 —_
,0c0W3(m 1), (B.38)

where W, = 3"W (p, 00) /dp" evaluated at p = pyy. Then we have

m? —t\'? md—2
<p00W3> + peoha e = 0. (B39)

Rescaling '®

m? = R/ G- 2 T=R¥G=dy, (B.40)
we obtain the equation for the crossover function

s (7t ~1)" - At =0, (B4

valid, of course, for d < 3. One can go further and define multicritical crossover
functions. If W (p.,R) = ...W(’”(pc, R) =0, then, by a rescaling

”;’;12 - R2nd/(2+2n—nd)m2’ ’t": Ran/(2+2n—nd)t’ (B42)
we obtain for R —

s (72— 1)~ Agmi=2 =0, (B.43)

for a suitable constant s,
B.2. Crossover limit in two dimensions

In this appendix we will discuss the critical crossover limit in two dimensions but we
will consider only the N-vector model, since it already exhibits all the general features.
The gap equation is given by
d’q 1 1

= s(1+ Lr(m?)). (B.44)

P= | Gay T <o - T4m

The asymptotic behaviour of I; g (m?) is reported in Appendix A.2.3. Now define 7 from

'3 These rescalings can be derived in the formalism presented in the Introduction starting from a Hamiltonian
with a ¢ coupling.
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1

a0 2
= logR* + — logR* + — — —. )
BVr 1+477R2 og R + R4 ogR” + R R (B.45)
Here we have introduced two free parameters ap and a; that represent the possible

ambiguity in the definition of B{%”. Then assume for R — oo at 7 fixed that

1 1 -
m* = ﬁf,,,(?) + zi&n(T,10gR) + O(R ®log R?). (B.46)
Using the gap equation we obtain for the leading term
1 ~
fu(D) + - log fu(D) =T+ Cs. (B.47)

Eq. (B.47) defines implicitly the crossover curve for the correlation length fz(7) =
1/ fm(?) and for the susceptibility f,(?) = f¢(7). It is easy to check that this equation
has the correct limits. For 7 — —oo we have the standard asymptotic-scaling behaviour

Fu(B) = g~ 47l+4mC, [1 + O(e“‘”'?')] , (B.48)
while, for 7 — +oc0, we have
~ 1 ~ O ~2
fu(D =71~ Z—?logw =+ O (*log?)| . (B.49)
a

This expansion agrees with the results presented in Section 4.2.
For the correction term we obtain

~ _ 47Tfm(?) _1_ _ 2
gm(t,logR) = TTanf,(d [877(4“1 + 3a2) fu (1) ao} log R
4a7 fu (1)

1
T dn (D [g;(““l +3a3) fu(?) 10g fu(D) + ar

-G — (G — Cz)f,,,(?)J. (B.50)

Notice that in general there is no choice of ag which allow to cancel the logarithmic term.

On the other hand, if one chooses Hamiltonians such that @) = a; = 0, the logarithmic

term cancels. This class of Hamiltonians are called Symanzik tree-level improved [59].
For 1 — —oco we have

g (7, log R) = 477 £ () [—ao log R + ai — Gy + 0(e™*1M) |, (B.51)
while for 7 — +o0o we have
—~ 1 - —~ ~
gn(F10g R) ~ o (4an + 3ar) 7 log(R%7) — (G — C2) T+ O(log?). (B.52)

Notice that if one takes ap = 0 and a; = G, the corrections are strongly reduced in the
limit 7 — —oo. On the other hand, in the mean-field limit, the corrections do not depend
on the scaling of 8.
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Finally we wish to compute g, (?,logR). Using Eq. (B.25) we have

gm(T,logR) 4wt —log R?

(,logR) = (B.53)
S8 (D2 A7 Fon(D)
For 7 — 0o we have
- 1 | -
gy (1, 10g R) = ——=(4a) + 3as +2) log R* + | — —=(4a, + 3ay) log?
8t 87t
-C
LG -G (B.54)

t
which agrees with the perturbative result (5.20).
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