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Asymptotic scahng from strong coupling in 2-d lattice chiral models. 
Massimo Campostrini, Paolo Rossi, and Ettore Vicari ~ * 

~Dipartimento di Fisica dell'Universitg di Piss, Italy. 

Two dimensional N = e¢ lattice chiral models are investigate by a strong coupling analysis. Strong coupling 
expansion turns out to be predictive for the evaluation of continuum physical quantities, to the point of showing 
asymptotic scaling (within 5%). 

1. I n t r o d u c t i o n  

The study of 2-d principal chiral models, 

f 1 TrO~,U(x)OzUt(x) (1) S = d2x~ 

(U E SU(N)), is strongly motivated by the ana- 
logies with 4-d non-Abelian gauge theories, e.g. 
asymptotic freedom and the large-N limit repre- 
sented by a sum over planar graphs. According 
to the conjectured S-matrix [1] and large-N facto- 
rization, these theories should describe free parti- 
cles in the limit N --+ c~. However analyzing the 
Green's functions of the theory, the realization of 
such physical properties appears not trivial at all. 
Indeed in the large-N limit the following scena- 
rio emerges [2]: The Lagrangian fields U, playing 
the role of non-interacting hadrons, are constitu- 
ted by two confined particles, which appear free 
in the large momentum limit, due to asymptotic 
freedom. 

Recent numerical studies of 2-d lattice SU(N) 
chiral models with nearest-neighbor interaction 

S~ = -2N/~ ~ R e ~  [U(x) U 1 ( x + , ) ]  (2) 
w~/z 

(/3 = 1/NT), have shown the existence of a sca- 
ling region, where continuum predictions for di- 
mensionless ratios of physical quantities are ve- 
rified [3,4,2]. The scaling region begins at small 
values of the correlation length, well within the 
expected region of convergence of strong-coupling 
expansion. Furthermore, in the whole scaling re- 
gion the fundamental  mass agrees, within few per 
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cent, with the asymptotic scaling predictions in 
the energy scheme [2]. 

As a matter  of fact, this may be considered 
as an evidence for asymptotic scaling within the 
strong-coupling regime, motivating a test of sca- 
ling and asymptotic scaling by strong coupling 
computations. As a byproduct,  strong-coupling 
series can be analyzed to investigate the critical 
behavior of the N = c¢ lattice theory. 

We generated large-N strong coupling series of 
the free energy up to O (~31s), and of the funda- 
mental Green's function 

G(x) = ( N R e  Tr [U(x)U(O) t] ) (3) 

up to O (/315), from which we extracted several 
physical quantities, e.g. the fundamental mass 
and the second moment [5]. 

2. T h e  l a r g e - N  p h a s e  t r a n s i t i o n .  

Lattice chiral models have a peak in the spe- 
cific heat that  becomes more and more pronoun- 
ced with increasing N [2]. Fig. 1 shows Monte 
Carlo data of the specific heat of some large-N 
SU(N)  and U(N) models. We recall that  U(N) 
and SU(N) models should have the same large-N 
limit. The behavior of the specific heat in U(N) 
and SU(N) models at large N should be an in- 
dication of a phase transition at N = oo. With 
increasing N, the positions of the peaks flpeak in 
SU(N) and U(N) converge from opposite direc- 
tions. An estimate of the critical coupling tic was 
obtained by extrapolating flpe~k(N) to N --~ co 
using a finite N scaling Ansatz [6] 

flpe,~(N) ~- f3~ + cN -~ , (4) 
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which resembles a more rigorouos finite size sca- 
ling relationship. The above Ansatz was sugge- 
sted by the idea that the parameter N may play a 
role quite analogous to the volume in the ordinary 
systems close to the criticality. The extrapolation 
according to (4) of our U(N) and SU(N) data 
(at N = 9, 15, 21 for U(N) and N = 9, 15, 21, 30 
for SU(N)) gave/3¢ = 0.3057(3). Notice that at 
N = oo the value of the correlation length in the 
fundamental channel at '3¢ is finite ((Q _~ 2.8. 
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Figure 1. Specific heat vs. ft. The estimate of 
the N = oo critical /3 is indicated by the vertical 
dashed lines. 

The existence of this phase transition is con- 
firmed by an analysis of the N = eo 18th order 
strong-coupling series of C, based on the method 
of the integral approximants [7]. Such an analysis 
gave quite stable results showing a second order 
critical behavior: 

o ~ I/3 - 9~1 - ~  , ( 5 )  

with fie = 0.3058(3) and ~ = 0.23(3), in agree- 
ment with the extrapolation of Monte Carlo data. 
Fig. 1 shows that  simulation data  of C appro- 
ach, for growing N, the curve (represented by the 
full line) obtained from the resummation of the 
N = c~ strong-coupling series. 

At finite N U(N) models should experience 
a phase transition, driven by the U(1) degrees 

of freedom corresponding to the determinant of 
U(x), with a pattern similar to the XY model [8]. 
The location of this phase transition is beyond 
the specific heat peak [6] and may eventually con- 
verge to /3c in the large-N limit, as argued by 
Green and Samuel [8]. According to this conjec- 
ture the large-N hmit would change the order of 
the determinant phase transition from an infinite 
order of the Kousterhtz Thouless mechanism to a 
second order with divergent specific heat. 

3. Sca l ing  a n d  a s y m p t o t i c  sca l ing  f r o m  
s t r o n g  coup l ing .  

In spite of the existence of a phase transition at 
N = c¢, large-N Monte Carlo data show scaling 
and asymptotic scaling (in the energy scheme) 
even for /3 smaller then the peak of the speci- 
fic heat, suggesting an effective decoupling of the 
modes responsible for the large-N phase transi- 
tion from those determining the physical conti- 
nuum limit. This fact motivates a test of sealing 
and asymptotic scaring at N = oo based only on 
strong coupfing computations, given that strong 
coupling expansion should converge for/3 </3c. 

In Fig. 2 we plot the dimensionless ratio M/MG 
vs. the correlation length ~a = 1/MG, where M 
is the fundamental mass and ~a is the correlation 
length defined from the second moment of the 
fundamental Green's function, as obtained from 
our N = oo strong-coupfing series [5]. The ratio 
M/MG is quite stable for a large region of values 
of ~a and in good agreement (well within 1%) 
with the continuum large-N value extrapolated 
by Monte Carlo data M/~'vla = 0.991(1) [2]. 

In order to test asymptotic scaling we change 
variable from /3 to /3E = (8E) -1 [9], evaluating 
the internal energy E from its strong-coupling se- 
ries. The two loop renormalization group and a 
Bethe Ansatz evaluation of the mass A-parameter 
ratio [10] lead to the following large-N asympto- 
tic scaling prediction in the/3E scheme: 

Ill ~ 16V/~e~eTr~ exp ( 4 )  AE,21(/3E), 

A~',2t(fl~) = V/87r/3E exp(-8~r/3E), 
1 

& _ (6) 
8E 
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Figure 2. M / M a  vs. ~a -- 1/Mo.  The dashed 
line represents the continuum result from Monte 
Carlo data. 
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Figure 3. Asymptotic scaling test by using 
strong-coupling estimates. The dotted line repre- 
sents the exact result (6). 

In Fig. 3 the strong-coupling estimates of 
-$I/AE,21 and ~I]G/AE,2t are plotted vs. /3E, for 
a region of coupling corresponding to correlation 
lengths from about one to three. These quantities 
agree with the exact continuum prediction within 
about 5% in the whole region. 

Notice that  the good behavior of the large-N ~- 
function in the/3~ scheme, and therefore the fact 
that physical quantities appear to be well behaved 
functions of the energy, together with the critical 
behavior (5) lead to a non-analytical zero at ~c 
of the/3-function in the standard scheme: 

; 3 L ( T )  ~ 1'9 - / 3 c r  ~ • (7)  

This was also confirmed by an analysis of the 
strong-coupling series of the magnetic suscepti- 
bility X and ?vI~, which supported the following 
relations 

dlnk" .~ d l n M g  [3_3c[_  ~ (8) 
d£ d3 

in the neighbourhood of ~c. 
We would like to mention that similar results 

were obtained for 2-d chiral models on the ho- 
neycomb lattice, which is expected to belong to 
the same universality class with respect to the 
continuum limit. In particular asymptotic sca- 
ling was verified within about 10% by the eorre- 
spoding strong coupling expansion. 
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