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Abstract

An explicit solution is found for the most general independent correlation functions in lattice QCD, with Wilson action.
The large-N limit of these correlations may be used to reconstruct the eigenvalue distributions of Wilson loop operators for
arbitrary loops. Properties of these spectral densities are discussed in the region 8 < B. = %

In view of the renewed interest in the master ﬁeld
approach to large-N matrix field theories [1,2],
may be convenient to improve our knowledge of Lh.ose
solvable models that will eventually become suitable
laboratories for testing new methods and techniques.
Lattice QCD; with free boundary conditions is such a
solvable system. In principle all correlation functions
can be computed by a proper gauge choice leading to
a complete factorization of the functional integral and
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tegration. The underlying single matrix problem has
been solved a long time ago [3], and at first glance
not much can be added to what is already known.
However, as extensively discussed in Ref. [1], one
of the problems that must be faced in even simpler
models (like a model of n independent Hermitian ma-
trices) is that of finding a master field description of
correlations involving different, and in general non-
commuting, matrix field variables. The purpose of the
present letter is that of establishing a benchmark for
this problem, in the form of an explicit large-N ex-
pression for such correlations at arbitrary distance, and
studying some properties of the eigenvalue distribu-

Y

tions of the (maswr ) YYHSON lOOp oper. ators associated

wiih these correlations.

Our starting point is the axial gauge formulation
of lattice QCD, with Wilson’s action presented in
Refs. [4,3,5]. In this formulation the expectation value
of a Wilson loop is reduced to that of an invariant
product of field variables in a one-dimensional princi-
pal chiral model with free boundary conditions. Let’s
therefore focus on these models, defined by the lattice
action

S= 2ﬂNZReTr[U T, (1)

where i are the lattice sites. By straightforward manip-
ulations one may show that the most general nontrivial
correlation one really needs to compute is

1
Wi = (Tt (UeUNY*), (2)

where [ plays the role of the space distance and k is a
sort 01 w1numg HUIHDCF 10r l[lﬁ l()Up lll turn Uy lllC
variable change V; = Uj_ 1U, , the evaluation of W, ; is
reduced to computing the group integral appearing in

the relationship

0370-2693/95/$09.50 © 1995 Elsevier Science B.V. All rights reserved

§SDI10370-2693(95)00243-X



178 P. Rossi, E. Vicari / Physics Letters B 349 (1995) 177-180

aVi..dvi §Te (Vi V)t exp(2NBY . ReTiV)

W, =
Lk [ [ dVexp(zNﬂReTrV)]'

(3)

This problem can be solved for arbitrary N by a char-
acter expansion (see e.g. [6]):

exp [2NBReTr V] « Zd(r)f(r)(ﬂ)X(r)(V), 4)
(r)

where y ) are the characters and d, the dimensions
of the irreducible representations of U(N). Let’s re-
mind that the character coefficients 7, (8) are explic-
itly known for all groups U(N). As a consequence of
Egs. (3), (4) we obtain

1
Wi = / I [dedmz(,)(ﬁ)x(,)(vi)J
=1

(r)

1
X ﬁTr(Vl...V,)k

1 -
= NZCk,(r)d(r)Z(lr) 3 (5)
(r)

where we have introduced the coefficients Cy (, of the
decomposition

TrX* =" Ciin xin(X). (6)
(r)

It is now an exercise in representation theory to show
that, for all k < N, the only representations occurring
in the r.h.s. of Eq. (6) are those in the form

XUk = X(k—j+1,1750) » (7

and one may show that

k
Tr X* =Z(~1)j“X(j,k)(X)- (8)

P=

As a consequence we immediately obtain the final
result holding for &£ < N in all U(N) groups:

k
1 ; -
Wl,k = ﬁ ;(—1)1+]d(j,k)z(lj,k) » (9)
j:
where we also know that
(N+k—jH
(N - !

(k—1)!

k(G- DIk— )1 (10)

dijx =

Further closed-form results may be obtained by re-
stricting attention to large N and focusing on the strong
coupling domain. When 8 < 1/2 and N is large (9]

NN =)
I ) 1L0(8M)] .
fn = Grepa B 10 (8] a

Under the same assumptions therefore
Nk—l k ( -1 )j+l
Wik = " -
Tk jE; (= DIk= !

x[ﬁ(Hf:T;;

i 11
)} B, (12)
i=0

and one can finally show that

k=1
Jim W,,k=5——1,z——(lf_12)ﬂ’“. (13)
We have explicitly checked that Eq. (13) satisfies the
Makeenko-Migdal equations [ 7] for the large- N limit
of the corresponding Wilson loops in QCD».

Eq. (13) is our main result, in that it is the quantity
that a master field approach to QCD, on the lattice
should be able to reproduce for arbitrary / and k by
substituting a single field configuration in the correla-
tion functions.

It is interesting to explore the properties of the Wil-
son loop operator at a distance /, and in particular its
eigenvalue distribution, by constructing a generating
function of the expectations W ;:

A(x) = Wixt. (14)
k=0

From the Makeenko-Migdal equations it is possible
to derive the Schwinger-Dyson equation satisfied by
A;(x) in the strong coupling regime 8 < 1/2 and in
the large-N limit

(Ar(x) = 1) Al(x) ! = plx. (15)

We checked explicitly the consistency of Eq. (15)
with our solutions (13). When / = 1 one recognizes
Gross-Witten’s solution for the strong coupling phase
of the single plaquette models. When / = 2 the solution

Az(x)=%( 1+4,32x+1> (16)
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Fig. 1. py(8) at 8= % and for various value of L. py(—8) = p;(8) by symmetry.

is related to the generating function for the moments
of the energy density

1
—{Tr ! :
N1~ Bx(Va + V)

)

oo
=1+2x82 +2) (B0 *Wayu
k=1

=28%x + /1 +4B4x2. (17)

Incidentally, Eq. (17) corrects a mistake in Ref. [8].

More generally, for arbitrary /, we may reexpress
our results in terms of the eigenvalue distribution
pi1(0) of the Wilson loop operator HL, Vi, which is
related to the generating function A;(x) by

1 .
pi(8) = — [ReAi(e”) - 3] , (18)
and satisfying
/de,(G) =2Wio—1=1. (19)

-

The study of the area dependence in the spectral
density of continuum QCD, was pioneered a long time

ago [5,10] and recently reconsidered by many au-
thors. The lattice counterpart of this problem is the
study of the dependence on ! of the functions p;(8),
which can be performed numerically, for arbitrary [,
by summing up sufficiently many terms in the Fourier
expansion of Eq. (18).1In Figs. 1 and 2 we plotted the
spectral densities as functions of & for different val-
ues of [ at fixed values of B, and in particular when
B=p..

As one may notice, the property

1
o) = (20)

—o0 20
which can be independently derived from the confine-
ment properties of the model [10], is exhibited by
our solutions. It is however quite interesting to notice
that at 8 = B, and 8 = 7 the equation satisfied by the
eigenvalue density is

-1
1 -2mpi(m)] [1 +27pi(m)] ™ =1. (21)
Besides the strong coupling solution, which corre-
sponds to the values plotted in Fig. 2, Eq. (21) ad-
mits a second solution p;(7r) = 0 (coinciding with
the first one when [ = 1,2). This phenomenon leaves
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Fig. 2. p;(0) at B = B = § and for various value of /.
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